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ABSTRACT 

We further develop the formaUsm of larXiv:0712. 01591 for approximate solution of Nambu-Goto (NG) equations with polygon 
conditions in AdS backgrounds, needed in modern studies of the string/gauge duality. Inscribed circle condition is preserved, which 
leaves only one unknown function yo{yi,y2) to solve for, what considerably simplifies our presentation. The problem is to find 
a delicate balance - if not exact match - between two different structures: NG equation - a non-linear deformation of Laplace 
equation with solutions non-linearly deviating from holomorphic functions, — and the boundary ring, associated with polygons made 
from null segments in Minkovski space. We provide more details about the theory of these structures and suggest an extended class 
of functions to be used at the next stage of Alday-Maldacena program: evaluation of regularized NG actions. 
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1 Introduction 



In this paper we begin consideration of the next class of approximate solutions to Nambu-Goto (NG) equations 
with null-polygon boundary conditions by the method suggested in . This problem is important for the study 
of the string/gauge (AdS/CFT) duality reformulated recently [1]-[1B] as an identity between regularized 

minimal areas in AdS^ and BDS/DHKS/BHT [IHl O [H [TT] amplitudes for gluon scattering in iV = 4 SUSY 
YM. Unfortunately, even after this ground-breaking reformulation [3], explicit check of duality is escaping, even 
in the leading order of the strong-coupling expansion - as usual because of the technical difficulties on the 
stringy side. In this particular case the first hard problem is explicit solution to a special version of Plateau 
minimal-surface problem |30| : to Nambu-Goto equations in AdS^ geometry with the boundary conditions at 
the AdS boundary, represented by a polygon 11 with n light-like (null) segments. We refer to |1] for explanation 
of how this polygon emerges in the problem after a sequence of transformations, 

T— duality a la 

NG model a — model — > a — model — > NG model, 

and to |13|,l23j for additional comments and notations. Irrespective of these motivations, the current formulation 
of the gauge/string duality is now made pure geometric, at least in the leading order: 



regularized ^area of a minimal surface in AdS^ , bounded by 11^ = regularized ^(j) <j> 



{y - y'Y 



(1.1) 



and the first problem is to find what the minimal surface is (with problems of regularization and higher-order 
corrections arising at the next stage). As surveyed in [T], explicit solution to the first problem is currently 
available only for n < 4 [521 H] and the maximally symmetric case (11 = S*^) at rt = oo. As usual with Plateau 
problem, even approximate methods are not immediately available beyond this exactly-solvable sector. In py an 
line-of- attack was suggested and the first approximate results obtained for the simplest Zn configurations. The 
present paper describes the next step in the same direction, generalizing the results of [1] to the next non-trivial 
case: of polygons which do not have symmetry, but still have a restricted geometry, identified as "11 possesses an 
inscribing circle" in 01 . In this case the boundary conditions and thus the solution are lying in AdSs subspace 
of AdS^^ and the problem is reduced to finding a single non-trivial function, say yoivi-, 2/2), while the other two 
are expressed through the AdSs constraints [4], 



ys - (F3 - 0) 

ya + '^ = yi+y2 + r' 



2 I 1 „,2 , „,2 , ^2 ^ 0) (^-^^ 



2 Approach to approximate solution: a summary of |[1| 

The strategy, suggested in [J was to: 

• First, represent yo as a power series, 

2/0 = X! ^ioVlyi (2-1) 

2,j>0 

and rewrite NG equations in the form of recurrence relations for a-ij, with recursion relating the two adjacent 
"levels" k = i + j and leaving a number of free parameters. If the structure of the boundary ring is explicitly 
known, then expansion (j2.ip can be modified in order to take boundary conditions into account from the very 
beginning, though this can cause additional convergency problems for the series. 

• Second, truncate the series at some level TV and specify the remaining free parameters which match the 
boundary conditions in the best possible way at given truncation level. Increasing N provides better and better 
fit to both the NG equations and boundary conditions. 

• Fitting criteria and thus the resulting approximations can be different, depending on the further appli- 
cation. As explained in [I], one can improve either local or global approximation to boundary conditions or 
instead try to better match the behavior at the angles of the polygon, which is responsible for the main IR 
divergence of the regularized area of the minimal surface. 



2.1 Recurrent relations and free parameters 

The first recurrence relations were already found in [T]: 

There are no relations at levels zero and two: all the corresponding coefficients, aoo and aio,aoi are free 
parameters, i.e. there are i^o = 1 and i^i = of them. 
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At level two NG equations impose a single relation^ 

002(1 + aoo ^ «lo) + ^20(1 + Oto ~ «0l) 002^10 + 020^01 „^ 
Oil — = (^-^j 

oolOlo ooioio 
where Aqi = 1 + Oqq — Oqi and Aiq = 1 + Oqq — a^Q. Next formulas involve a generalization of these quantities: 

Aki = 1 + Oqo - fcaiQ - lali (2.3) 

At level three we get two relations: 

6ao3agia^oAio - 3a3oa^;^aioA^i - 001010(0^1 - 4002020)^03 + oopag^ (002(^10/121 + 4agiafo) + 020^01^141) 

a^iaio(Aoiy4io - 4agiafo) 

6o3oafoO§i^oi - 3oo3ofoaoi^?o ~ «oi"io('^ii ~ 4ao202o)^30 + 0000^0(020(^01^12 + 4a^iafo) + 002^10^14) 

ooio?o(^oi^io - 4o^iofo) 



012 



021 = 



and 1/3 = 2 free parameters 003 and 039. 

Similarly, at level k there will be A: — 1 relations imposed by NG equations, and Vk — '2 out of fc + 1 
coefficients Ui^k-i at this level will remain free. We always choose o^o and oofe for these free parameters. They 
can be associated with two arbitrary functions - of yi and 1/2 respectively, and this freedom resembles the 
general solution of the archetypical equation Qy^^y^ = 0, given by Y{yi,y2) — f{yi) + .9(2/2) with two arbitrary 
functions / and g. We shall see in sl3] below that even more relevant can be analogy with the ordinary Laplace 
equation, solved by arbitrary holomorphic and antiholomorphic functions. 

If series p.ip is truncated at level N , it contains {N + 1)^ different coefficients Oy, of which 2N + 1 remain 
free parameters, unconstrained by NG equations. 

2.2 Boundary conditions and the boundary ring 

According to [T] the boundary conditions can be formulated in terms of the boundary ring 7?,n, which consists 
of all polynomials of y-variables that vanish on the boundary polygon Since j/3 = this TZn includes j/s 
as a generator and we can actually restrict considerations to polynomials, depending on only three variables 
yo,2/i,y2- 

As further explained in [Tj, if n edges of 11 are defined by the equations: 



CaVl + Sa2/2 = K, 
yo = yOa + CTai-Sayi + Cay2) , 



(2.4) 



with Ca — COS 0a, Sa — siiKpa and ffa = ±1, scc Fig HI then 
• the condition that 11 closes in yo direction is 



Y.'^Ja^O, (2.5) 



where la are the lengths of 11, which is projection of 11 onto the (j/i, ^2) plane, and 
• the following three polynomials are the obvious elements of TZn- 



-Pn(yi, y2) = Y[ + '*a2/2 

a=l 
n 

Pniyo, yi) = H (2^1 + [-T^^-'^a{yo - yoa) - Cah^ , 

a=l 

n 

Pn{yo, 2/2) = n + (-) Va(yo - yOa) - Sa/la) (2.6) 



a=l 



^ As clear already from this formula the choice of ako and aofc (instead of, say, a^o and ak^k-i) makes the limit aio,aoi — > 
singular. Note that original solution of ^ is exactly of this kind: aij = SuSji and singularities are easily resolved for it. 

^ By definition, solutions of our problem belong to the intersection of the space of r = asymptotes of NG solutions with 
the completion of the boundary ring. In still other words, anzatze that we substitute into NG equations should be taken from 
completion of the boundary ring. Completion here means first, that, say, rather than r itself belongs to TZn according to l|1.2| l. 
i.e. r belongs to the algebraic completion of the ring. Second, our anzatze can be looked for among formal series made out of 
elements of TZu- 
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Figure 1: Convention for labeling sides and vertices of the Zn -symmetric polygon If (right). Its corresponding If is shown in the 
left picture. 



So far we imposed only one of the constraints (|1.2p . 1/3 — 0. The second constraint can be imposed only if 
all ha ^ 1, and this is what we assume below in the present paper. As already stated, this condition implies 
the existence of a unit circle, inscribed into H. If additionally n is even and Ca = (— then also all the n 
parameters j/oa coincide and we can put yoa = by a constant shift of yg: this choice corresponds to yo vanishing 
at all points where the sides of n touch the inscribing circle. ' 

2.3 Boundary conditions as sum rules 

A possible way to describe above boundary conditions is also to write them down for each particular side of 11. 
On (|2.4p we have (with ha — I and yoa = 0): 

yi — Saia: 
J 2/2 = Sa + Cata, 

yo = CTata (2.7) 

i.e. 

z = yi+iy2 = (Ca + isa){l + ita) = 6^"^" (1 + iaaVo), (2.8) 

where ta is a parameter along the corresponding straight line. Along its segment, which is the side of 11 it 
changes within some region ta € [—tai, +^02]- Then boundary conditions imply that 

^ aij{Ca- SataYiSa+Catay ^O-Ja, ta ^ [-tal, +ta2], a=l,...,n (2.9) 
i,j>0 

A set of sum rules arise is we consider these equalities as term- by-term identities for series in powers of ta- For 
example, if coordinate system is rotated to put ci = 1, si = 0, we get an infinite set of relations 

Y,a,j^ai6a (2.10) 

j>0 

- to be supplemented by {n — 1) more similar sets, associated with other sides of 11. The free parameters ako 
and flofc are defined by boundary conditions. 

Among other things, this consideration seems to imply that yo should satisfy (|2.4|) along entire straight line, 
not only within the segment. This is consistent with the known property of solutions to Plateau problem in the 
flat Euclidean space [53]. 

2.4 Approximate methods 

Unfortunately no way is known at the moment to solve above relations exactly, except for in a few simple 
situations, listed in s.2 of [T]. In order to proceed one is naturally turned to approximate considerations. 
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However, there are no ready methods to address this kind of problems and one needs to practice the trial and 
error approach. 

Usually approximation starts from making the best thinkable anzatz, explicitly taking into account all the 
already known properties of the problem (symmetries, to begin with) with remaining infinite-parameter freedom 
contained in adequately defined formal series. Then this anzatz is substituted into original equation, and - if 
the formal series was introduced in an adequate way (what is more a matter of art or lack than of a rigorous 
theory), - the equation turns into a recurrent relation for coefficients of the series. So far everything was exact, 
even if not fully deductive, approximation comes at the next stage: when infinite series is truncated at some 
level N. Success of the method depends on the choice of "original knowledge", of particular anzatz, including 
a point to expand around and particular expansion parameters, and - not the least - on the properties of the 
problem, i.e. the very existence of effective truncations, producing reasonable approximation at sufficiently low 
N. 

In [1] various attempts were described to apply this procedure, and some of them seem relatively successful. 
The main problem appears to be a balance between reasonable introduction of formal series in local parameters 
(say, coordinates y) consistent with differential nature of NG equations, and adequate imposition of global 
boundary conditions, relatively far from expansion point. It turns out that, somewhat unusually, the balance 
should better be shifted towards the boundary conditions. 

2.5 The goal of this paper 

Success of [1] was due to construction of specific polynomials, named Vn{yo, 1/1:1/2), which had four important 
properties: 

• Vn G TZu was an element of the boundary ring, thus an anzatz 

Vn = (2.11) 
satisfies boundary conditions exactly and it can be further generalized (perturbed) to 

Vn = P2B (2.12) 

which continue to satisfy boundary conditions with any perturbation function B{yo', 2/1, J/2)lfl 

• Vn was linear in ?/0i 

'Pn = yoQn{yi,y2) - Kn{yi,y2) (2.13) 
what allowed to resolve (|2.1ip and treat it as an anzatz for a single-valued function 

(0)/ N Ku{yi,y2) 

yo'{yi,y2) = -TT—, r (2.14) 

Qn[yi,y2j 

After that (|2.12p could be solved iteratively, a la [34j , and provides a formal series perturbation of this function. 

• The polynomial Qu in (|2.13p did not have zeroes inside 11, in particular, it did not vanish at the origin, 

Qn(2/i, 2/2) = 1 + 0(2/1,2/2), (2.15) 

what made the function (|2.14[) free of singularities, and this property was inherited by all perturbative corrections 
imphed by (I^T^ FI 

• The polynomial ^^^n (2/1, 2/2) satisfied NG equations in the first approximation, i.e. application of NG 
operator provided only terms with higher powers of 2/1,2/2 than were present in Ku- This property was easy 
to formulate in [T] because Z„-symmetric Ku considered there were homogeneous polynomials (of degree n/2), 
but it becomes a subtler concept in generic situation. Still it is this property that allows to honestly treat B as 
a perturbation, needed to correct (|2.14p in order to make it satisfying the NG equations 

^ Additional Zn symmetry, assumed in [l], allowed to put f?(j/o; ?/i , J/2) = yoB{yi,y2), but this is not the case generically. 

■* A little care is needed at this point if one wishes to include the yo-Wneax terms from B(yo,y\,y2) into denominators of 
perturbation series, i.e. sum up the corresponding parts of the series exactly, what can always be done. 

^ Note that this approach is somewhat unusual, because it shifts emphasize from differential equations to boundary conditions. 
Ref. [1] describes in length how this shift of accents occurs, here we use this modified view from the very beginning. Still, it deserves 
reminding that one of the reasons for it is that the modern opinion is that Plateau problem arises in string/gauge duality in a 
special context: we need minimal surfaces in AdS space with boundaries lying at its boarder (infinity or the origin, depending on 
parametrization of AdS), so that their areas are diverging near the boundary. What we need are regularized areas, but regularization 
requires exact knowledge of behavior at the boundary, i.e. of allowed type of asymptotics — in order to define physical quantities, 
which are independent of the coefficients in front of these asymptotical terms. This is what makes care about the boundary 
conditions the first priority. If they are taken into account in exact way, then one can always deal with equations a posteriori, by 
minimizing the resulting regularized area over remaining free parameters, which could otherwise be fixed a priori by exactly solving 
the original equations. As explained in [13', this approach can be much simpler and more practical. 
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Thus in this paper our primary goal is to search for an analogue of the polynomials Vu in the case of 
generic 11 with n angles and inscribed circle in 11. If they are constructed, then we can look at approximations 
to minimal surfaces provided by (|2.14p and consider the actual role of corrections, which are obligatory non- 
vanishing, since K = is inconsistent with NG equations. Actually, the present paper is only a step in this 
direction. We begin by constructing the theory from the very beginning, but leave many important branches 
of possible development only mentioned, what finally prevents us from providing an exhaustive answer. Thus 
de facto the goal is to describe the context, what opens a lot of room for improvements and for getting better 
and wider results. 

2.6 Plan of the paper 

Our first subject in sl3]is conversion of NG equations into recurrence relations. Such conversion can be made 
over different "backgrounds", the c- and 6-series of [1 being particular examples. In sl3] we concentrate on 
the "basic" example, with background zero, so that all other sets of recurrence relations can be considered as 
subalgebras of this main one. Our main interest here is deviation from harmonic functions due to the difference 
between non-linear NG operator and linear Laplace in one complex dimension - on the (jji, 1/2) plane. 

The next sHladdresses the problem of sharp angles - an important issue for applications in Alday-Maldacena 
program, because angles are the sources of most important quadratic divergencies of regularized actions. We 
explain how sharp-angle conditions can be formulated analytically. Of course, elements of the polygon boundary 
rings satisfy these conditions, but they are of course violated by generic solutions to NG equations, exact or 
approximate, before boundary conditions are imposed. Moreover, if boundary conditions are matched approxi- 
mately, not exactly (like some options considered in [Ij), one still has an opportunity to require that angles are 
sharp (not smoothened) - and it is here that these analytical formulas are especially useful. 

In sOwe address the problem of NG solutions for generic quadrilaterals. Despite it is solved in [T^ I23j . 
solution is not found in the form of explicit function yo(yij?/2)- A way to bring it to such form is provided by 
technique of non- linear algebra [35l[36|. We demonstrate that at n = 4 this yo{yi,y2) is always a solution to an 
explicit quadratic equation, like it turned out to be in the particular case of rhombi Ij. 

The following subject in sl6]is boundary rings for polygons 11. The main puzzle here is the structure behind 
the polynomials Ku in eq. (|2.13p . In [1] they were obtained from somewhat mysterious manipulations with P's 
from (|2.6p and were found to have a form, which is very similar to (j2.6p in Z„-symmctric situation with even n: 



The problem is that this time the product at the r.h.s. is only over a half of segments and thus can not be 
immediately generalized to asymmetric cases (going from even to odd n introduces additional problem: the 
simplest choice of aa = {—)'^~^ can not be made). We demonstrate in sElhow such polynomials can actually 
be constructed - though they probably do not play the same role as they did in [T] . The reason is that already 
in the first non-trivial asymmetric configuration - at n = 4 - exact solution is associated with the boundary 
ring element, which is not linear, but quadratic in yo, see s.2.6 of [1]. This is the first signal that the proper 
analogue of Pn in asymmetric case should not be linear. At the same time, sl5] demonstrates that quadratic can 
be enough, at least at n = 4 it is the case. It is still unclear what the situation is going to be beyond for n > 4, 
where explicit solutions of NG equations are yet unknown. A promising option is to look for the adequate 
anzatze among the boundary ring elements of order n/2 in yo. According to the strategy, outlined in [T3] and 
[1] we suggest to parameterize potentially relevant elements of the boundary rings by a few parameters, and 
treat them as if they were moduli of NG solutions, i.e. evaluate the regularized action and minimize it w.r.t. 
these parameters. This approach can finally turn simpler then direct solution of NG equations by methods, 
considered in slHl 

Appendix at the end of the paper contains some remarks about sophisticated notations used throughout the 
text. 



n/2 




(2.16) 
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3 NG equations as recurrence relations 

The first recurrence relations were already found in pj. It will be more convenient to switch to the complex 
coordinates z = j/i + i?/2, z = yi — iy2 in the (j/i, 2/2) plane and write instead of (|2.ip 



yo^ ("''■i^'' + "'^J'^'') ^^^y ^ ("fciz'') {zzY (3.1) 

k,j>0 fej>0 

3.1 Reduced NG action 

Recurrent relations result from substitution of a formal series representation for yo{yi,y2) into NG equations, 
which for 1/3 = have the form 

d f dyo H22 \ d fdya Hn \ d f dyo i?i2 \ d f dyo 



dyi Xdyir^LNoJ dy2 \dy2 t'^Lng J dyi \dy2 t^Lng J dy2\dyir^L 



-0, 

dyi \dyir'^LNG ) ^ dy2^dy2r'^LNG) dyi {^dy2 t^Lng ) dy2 i^dyi t'^Lng } ~^ " ^ '"^'^'^ 



d_ (dr H22 \ _d_ / dr Hn \ _ _d_ /Or H12 \ _ _d_ / dr H12 \ . 2Lng 



where 



and 



_dyo_dyo_ i dr dr i X. . 

dVi dyj dyi dyj V , . 

H,j = — {6.6) 



Lng = Jdet = jHnH22 - Hf^ (3.4) 



After substitution of p.2p the two equations become dependent and we can consider any one of them. Even 
more convenient is to make the substitution (|1.2p directly in NG action, then it depends on a single function 
2/0(2/1,2/2) and looks like [1] 



{ytdtyo - 2/0)^ - (dtya)^ + 1 



LNGdyidy2= J ; -3 dyidy2 (3.5) 

V i^ + yo-yf-yi) 

3.2 Linear approximation to NG equation and its generic solution 

Equations (|3.3p are highly non-linear in 2/0 and it is convenient to begin with their 2/0-linear approximation. 
Expanding (j3.5p in powers of 2/0, we obtain 



dyidy2 ^ f f {diyoY - {yAyo - yoY , 32/, 



[i-vl-yir'^ 27 V [i-vl-ylf^ {i-yl~ylf'^ 



dyidy2 + 0(2/0') (3.6) 



The first (divergent) term is non-essential for equations of motion. The 2/0-quadratic term gives rise to 2/0-linear 
approximation to equations p.3p in the simple form: 



A2/0 = (3.7) 

where 

A = Ao - -I- X> (3.8) 

is expressed through the ordinary Laplace 

dyi dy2 dzdz 

and dilatation operators 



Ao = ^ + ^=4^=49a (3.9) 



d d d d 

V^yi—+y2^^z— + z—=zd + zd (3.10) 
oyi 0*2/2 oz az 
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If there were no dilatation operators in (|3.8p . like it happens in the flat space (i.e. if we linearize not 
only w.r.t. j/o but also w.r.t. j/i and 2/2), then the solution of the ordinary Laplace equation Ao^q'"* — would 
be just a combination of holomorphic and antiholomorphic functions, 



J2^e{akoz'') (3.11) 



fc>0 



However, in ^^5*3 case the situation is different: Ukj ^ for all j ^ in (|3.ip . Substitution of (|3.ip into p. 71) 
gives rise to linearized version of recurrence relations, 



H„ (fc + 2j)(fc + 2j-l) 



which can be easily resolved to give: 



fc!(fc + 2j-2)! 3 fc(fc-l) (fc + 2i-2)! 3 
^ 4.-j!(fc-2)!(fc + j)! + ) = ^77^ ^T7)^ "'^^ + ^ ^^-'^^ 

(One easily recognizes here eq.(4.2) of [1 with k = n/2.) Therefore in linear approximation 



Hn 

Vo 



k>0 

is a combination of hypergeometric functions 



^Re(afeo^')- 2F1 (|,-^;fc + l; zz) (3.14) 



p( h \ v^ r(a + j)r(& + j) ^. 



3.3 Back to non-linear NG equations 



The full non- linear NG equation, implied by (|3.5p . can be written in a form, which looks like a deformation of 
(EJl): 



{ (1 + Vo + (y^ - ^Mvof - 2yo(2?yo)) Ao - ^ 2? + ((1 - y^)d^yo + 2y,yo)djyo df^} yo = (3.16) 
where y"^ ^ yl + i, j = 1, 2, or, in complex notation, 

I (1 + y2 + 2(zz - l)at/o52;o - yo'Dyo)dd - \{V^ - V) + 
+ (^{l-zz){dyof + zyodyo)d^+[{l-zz){dyo)^ + zyodyo)dAyo^O (3.17) 



If all terms with yo in curved brackets are neglected, we return back to (|3.7p . Note that the equation is at most 
cubic in yo, what implies that it can be obtained also from some (f>'^-type action, somewhat less non-linear than 
NG one. 

If equation (I3.17P is solved iteratively, it gives rise to more sophisticated recurrence relations. In order to 
obtain them we rewrite (|3.17p as Ayo — 4/i, where h is formed by all yo-cubic terms in (I3.17p . Then instead of 
dsn]) we get 

_ (fc + 2i)(fc + 2i-l) (fe) , 1 

"w- + i){k + J + 1) ""^^ + u + m+j + i)"''' ^'-^'^ 

At the next stage hkj are substituted by cubic combinations of ak'j' with lower values of k' and j ' and this 
provides cubic recurrence relations for akj , which we do not write down explicitly in this paper. 
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4 Angles in the case of approximately imposed boundary conditions 



4.1 Approximation can damage IR properties of the regularized action 

Before we proceed in s|6] to construction of the boundary ring TZn for a given polygon 11, consider a reversed 
problem: how can polygon 11 be defined by a pair of algebraically independent elements from TZu , say 

There are only two equations because we assume that there are just three y-variables, i.e. ys — 0. For one 
of these equations one can always take P2 = because we assume existence of inscribed circle and thus of 
distinguished element P2 G TZn- In some of our approximate considerations we actually substitute the second 
equation Pu = by some truncated series for yo, yo — F{yi, 2/2) = 0, which does not belong to TZn- Thus instead 
of n we obtain some approximation: 

u = \ p^ = yo + ^^ yf-f2-^, (4.2) 

i yo = F{yi,y2) 

and instead of n - a curve on the 2/1,2/2) plane 

n={Gn(2/i,2/2) = 0} (4.3) 

In the case of (|4.2p this 

Gniyi y2) = F\y^ , y2) + 1 - z/? - yl (4.4) 

but even if the second equation in (j4.2p is not explicitly resolved w.r.t. j/o? there will be a polynomial 6*11(2/1, 2/2), 
defining 11. 

Of course, in approximate treatment n is no longer a polygon, actually, for two reasons: it is not made from 
straight segments and it does not contain angles, generically G = is a smooth curve. The latter deviation from 
polygonality can be most disturbing for applications, like string/gauge duality, which involve consideration of 
areas of our minimal surfaces. Since in our approach 

r^^P2 ^ 62(2/1,2/2), (4.5) 

the area in question is 

A=fL^Gd'y^f ^ (4.6) 
J Jg>q '■^ 

with some non-singular function -ff (2/1, 2/2) in denominator. This integral diverges at the boundary of integration 
domain, where G = 0, but this is generically a logarithmic divergence: if integral is regularized in any of the 
two obvious ways, 

m^f ^ (4.7, 

or 

Jg>o i-^ 

to be called e- and e-regularizations in what follows, we generically get 

A[e] ^ log e ^ y/hF]dl + A^'^^^^f ""1 (4.9) 



or 



Aie) ^ \ / ^/hF)dl + 4™°") (4.10) 
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However, if the resulting metrics h are themselves singular, divergence can become quadratic, and this is what 
actually happens if the curve 11: G = is singular: has angles. Then additional terms, 

{log e)'^ ■ K{angle) and — ■ K{angle) (4-11) 

angles angles 

appear at the r.h.s. of (|4.9p and l|4.10p respectively. Since ^{angle) ~ sh\(angle) , smoothening of the curve has a 
drastic effect on divergencies of regularized area, which are interpreted as IR singularities in string/gauge duality 
studies. This smoothening can be of course actually considered as an alternative (or, rather, supplementary) 
regularization, but using it can further obscure the problem, which is already sufficiently complicated. Instead 
one can require that the angles - sources of dominant (quadratic) IR divergencies - are preserved by our 
approximate schemes. This imposes a new kind of restrictions on the free parameters of formal series solutions 
and provide an alternative way to fix some of them (which gives values slightly different from other approaches). 



4.2 Angles and discriminants 

Singularities in algebraic geometry are analytically described in terms of discriminants and resultants, see [551 [55] 
for a modernized presentation of these methods, of which only a standard elementary part will be used in this 
paper. 

The curve G{y 1,1/2) — possesses angles whenever repeated discriminant vanishes. 



discrim^^ (^discrimj^^ {G{yi,y2)jj = (4-12) 
Indeed, as a function of yi the polynomial G(t/i, 2/2) can be decomposed into a product 

G{yi,y2)^l[{yi~X.{y2)) (4.13) 

Each eigenvalue Xviy-i) describes a branch of our curve. Branches intersect whenever the two eigenvalues 
coincide, i.e. when discriminant [37] 

D(G-y2) - discrim,,(G) ~ [] (^^.(^2) - ^Avi)) (4.14) 

vanishes. For given function G this condition defines some points on the (2/1,1/2) plane, a variety of complex 
codimension one. However, there are two different situations: two branches can merge and they can indeed 
intersect. Merging is in the degree of discriminant's zero at the intersection. If two branches are indeed 
intersecting at some non- vanishing angle at a point 1/2 = J/20, we expect that 

\{yi) - A,(2/2) = (A;, - A'J(2/2 - 2/20) (4.15) 

where the difference of A-derivatives at point t/20 is the tangent of the intersection angle. However, this implies 
that discriminant in (|4.14p behaves as (t/2 — 2/2o)^j i-e- has a double zero. This is not usual, normally discriminant 
zeroes are of the first order, then 5X ~ \/y2 — 2/20 and the branches merge smoothly, tangents to the curves 
2/1 = A^(2/i) and 2/2 = Ai/(2/2) coincide (as it happens, for example, when the two real roots of quadratic 
polynomial merge and then decouple into two complex conjugate ones: the difference between the two roots has 
a square root singularity what means that the tangents get both vertical and thus coincide!). Thus the condition 

that two branches intersect at non- vanishing angle, i.e. that H has angles, is that discriminant D(G; 2/2) possesses 
double zeroes, i.e. that its own discriminant vanishes: 



discriniy, [D{G] 2/2) j = (4.16) 
This is exactly the equation (|4.12p - and it is a restriction on the shape of the function G{yi,y2). 

4.3 A way to proceed in ^-regularization 

Making use of decomposition (|4.13p . we can write 

1. I =y^u^ (417) 

G n,(yi-A.(2/2)) 4- 2/1 ~ A, 11 A, - A. ^ > 
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Divergent part of integral over yi is thus 



log^EHr^ (4-18) 



and the remaining integral over 2/2 diverges whenever some Xj{y2) = Afe(j/2), i-e. at 2/2 which are roots of the 
discriminant Disrim^j (G). It is also clear that these are the angles of our boundary, G{yi, 1/2) = which consists 
of lines yi = Xi{y2), at intersection points they form angles, and these angles produce quadratic divergencies. 
Linear divergencies come from the sides (lines themselves) and we are interested in separating the finite piece. 

The basic example is G = (1 — y'l){l — then it is easy to observe the (loge)^. 

Similarly one can analyze e-regularization. 

It is unclear how to extract the finite part. Probably this could be done numerically, but for this the divergent 
parts should first be subtracted "by hands". 

4.4 Z„-symmetric examples 

We illustrate above consideration with the help of a few examples. For the sake of simplicity we pick up the 
Z„-symmetric configurations, analyzed in [1]. 
Plots for 2/1(2/2) are obtained by solving 

P2^yl + l^yl^ yl = (4.19) 

with 

2/0 = c„JC„/2 = 2i-"/2c„Im(2/i + 12/2)"^' (4.20) 
The following is a small piece of calculations behind s.4.3.4 of Ij. 

4.4.1 n = 4 

In this case the equation 

G(2/i, 2/2) = (C2/12/2)' + 1 - 2/? - 2/1 = (4.21) 

is easily resolved: 



2/1 -±J^ (4.22) 



and plots of this function at different values of c are shown in FigO Distinguished point c = 1 is clearly see. In 
terms of discriminants we have: 



D{G- 2/2) = discrim,, (G) = ^{c'yi - \){yi - 1) (4.23) 

(the two branches in (|4.22[) merge when discriminant vanishes, either at zero or at infinity, when 2/2 = ±c~^ 
and 2/2 = ±1 respectively), and 

discrim;,, i:)(G; 2/2) = ^hhmc^ic^ - I)'' (4.24) 

(double discriminant vanishes when branches intersect: at c = ±1 they do so at four points, thus zero is of the 
fourth power - the vertices of our square,- while at c = an intersection at two points takes place at infinity). 



4.4.2 n = 6 

This time the plots for 2/1(2/2) obtained by solving 

^2 = 2/o' + 1 - 2/? - 2/2 = (4.25) 

with 

2/o-C3i^3-c2/2(32/?-2/|) (4.26) 
12 




Figure 2: The plot of the function {/i(j/2) in 1 14. 221 1 at different values of c= 0.5, 0.87, 1 and 1.5. It is clearly seen that the unit 
square is formed at exactly c = 1, as predicted by 1 14.241 




Figure 3: The plot of 1/1(1/2) at c = 1/4 (left) and at c = — (right). In the left picture the central domain is far from 
being a polygon: at this value of c it looks almost like a circle (and will get even closer to this shape for smaller |c|). The right 
picture shows what happens in a close vicinity of the critical value of c = The central domain still does not possess angles, 

see also Fig[6l but is already close to that. Note that parameter c here is different from Cqq in [J- c = jC^q ■ 



SO that c = JC3. 
Discriminant 

discrim,, (G) = lUcY2{c^yt - vl + l)(48c^2/2 - SGc^y^ + if (4.27) 

Since powers appear at the r.h.s., repeated discriminant w.r.t. 2/2 is vanishing and we need to look at the 
individual factors at the r.h.s.: 

discrim,,(c2y| - y| + 1) = -Mc\21c^ - 4)^, 
discrimy, (48c2?;| - 36c^y^ + 1) = nmA72c^{27c^ - Af , 
vesn\ta.nty^{c^yl -yl + l, +A8c'^y^ - 36c^yl + 1) = c*(216c2 + 49)'' (4.28) 

The interesting critical values of c are zeroes of 27c^ — 4, i.e. c = = ±0.38490 . . .. Figs l3][6] show exact 

meaning of these calculations and preceding argumentation. 
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Figure 4: The plot of j/2(j/l) at the critical value of c = Angles are well seen at the intersections of different branches, 

the central domain looks similar to a hexagonal polygon. Despite angles exist, the sides are not exactly straight: (|4.26|l satisfies 
boundary conditions (and also NG equations) only approximately, this value of c is distinguished by existence of angles. 




Figure 5: The plot of yi{y2) at c = + (left), in close vicinity of the critical value of and at c = ^ (right), a little 

further away. Different branches are now intersecting at complex values y-variables, and the central domain is no longer closed. 




Figure 6: Enlarged pictures, showing the vicinity of the branches merging point at c = 2^ — (left picture) and c = 2y^I -(- 
(right picture) - i.e. at the very close vicinity of the critical point c = Clearly, no angles are present at "microscopic" level. 

They appear exactly at the critical point, where the two branches intersect. 
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Figure 7: The analogues of Figs l3l5l for n = 8 with yo = cKa = cj/ij/2(j/i — J/2) c = 1, c = (the critical value) and 

c = |. At critical value the branches intersect at non-trivial angles, but the sides of emerging octagon are not straight: boundary 
conditions (and NG equations) are matched only approximately. The sides look "more straight" in the left picture - for c below 
the critical point, where angles are less pronounced: this illustrates the thesis that different criteria lead to slightly different values 
of the matching parameter c. This choice of parameter is different from Cqq' in [I]: c = ^Cqq'. 



4.4.3 n = 8 

This time 

yo^CiKi^cyiy2{yl-yl), (4.29) 
so that c — ic4, the plots for 2/2(2/1) are shown in Fig[7]and discriminants are: 

discrimj,,(G) = Q^c'^yliyl - 1)3^(2/2, c), 
5(2/2, c) = 4 - 270^2/2 + ^^(?yt - 712^2' - 4c^2/2° + 80^2/2", 

discrimy3.g = 137438953472c'*'*(16c2 - 27)'*(243c2 + 4913)*^ (4.30) 
so that the relevant zero is c = 



4.5 Exact solutions to ( 14.121) 

The angle-sharpening problem can actually be reversed: one can consider (j4.12p as an equation for 0(2/1,2/2)- 
In [1] we already showed exact solutions to this problem: 

Gn^Kl + {l-y^)Ql^Pn= \{ P\, (4.31) 

segments 

of n 

are totally decomposed into a product of linear functions, associated with individual segments, see (j2.6p . The 
corresponding analogues of Figsl3][7] are just 6 or 8 straight lines which form the regular hexagon and octagon 
at the intersection, see FiglHl In formulas for (|4.3ip this looks like: 

" - 4 : (2/12/2)' + (1 - 2/') = (1 - 2/i)(l + 2/i)(l - y2)(l + 2/2), 

= (1 - 2/i)(l - cyi - S2/2)(l + cyi - S2/2)(l + 2/i)(l + cVi + S2/2)(1 - cyi + S2/2), 

with c = i, s = 

(4.32) 

These examples are provided by the knowledge of boundary rings, their perturbation like (|2.12p should give rise 
to more solutions and (|4.12p can serve as one more property of Pn, to be added to the list in s l2.5l 



15 



Figure 8: The analogues of Figs l3l5l for n = 6 with yo = ^ and of Fig[7|for n = 8 with j/o = 7 — ^1 21 which satisfy the 

boundary condition exactly. Ideal hexagon and octagon with sharp angles and straight sides are clearly seen in the pictures. 



5 NG solution for generic skew quadrilateral 

Solutions to the cr-model and NG equations with such boundary conditions were considered in [13] and [23] 
respectively. Though the single-parametric rhombus family, originally introduced in [32|, |4] , is sufficient for 
direct application to string-gauge duality studies, generic solutions are definitely interesting from the point of 
view of Plateau problem. The difficulty is that in NG solution is not represented in the resolved form, as 
2/0(2/1,2/2), it is left in a parametric representation, inherited from the cr-model solution of [13| . The situation 
is similar to the rhombic solution, which is transformed from the parametric representation of |321 21 [13] to 
resolved expression only in s.2.6 of [T]. 

5.1 Solutions from 1131 



For n — A coordinate system can always be rotated so, that the boundary conditions and thus a solution (the 
one which does not correspond to spontaneously broken Z2-symmetry —ya) have 2/3 = 0. The skew 

quadrilateral 11 is formed by four null- vectors only provided 11 possesses an inscribed circle, thus the conditions 
(|1.2p can always be imposed. It is only important to remember that in this form it requires the special choice 
of coordinate system: 2/1 = 2/2 = at the center of the circle, and 2/0 = at its tangent points with the sides of 
the quadrilateral (if 2/0 vanishes at any of these points, it automatically does so at the other three). Thus NG 
solution is described by a single function 2/0(2/1,2/2)- 

In [ini [23] it is instead described in a very different way: r and y — (2/0; ?/i, 2/2) are expressed through the 
variables z = 1/r and v = zy, which are actually the embedding (most natural) coordinates for AdS cr-model. 
In these variables generic solution looks simple: 

z = zi(e*^i" + e-'^i") + Z2(e^'" + e-^'"), 
V = vie'^i" + vge^^i" + V2e*^2" -t- ^46'''^^ (5.1) 

Remaining parameters are constrained by NG equations and boundary conditions. The latter imply that 

^-^=Pa, a = 1,2,3,4 (5.2) 

Za+l Za 

where Pa are the four null-vectors, forming the sides of our polygon 11 (i.e. external momenta of the four 
gluons). The former imply that 

11 111 

Zl = 23 = ^= = „ , , Z2 = Zi = 



Our usual variables are: 



2s 2^pIp7' V2t 2^p^ 2^/pIpI' 

S = (Pl +P2)^ = 2piP2, < = (P2 + P3)^ = 2p2P3 (5.3) 



r=-, y=- (5.4) 
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2 = B 




Pi 



4 = B 



1 = A 



P4 



Figure 9: Convention for labeling sides and vertices of the quadrilateral, a square is used as an example. Pluses and minuses 
stand for yo increasing (+) or decreasing (-) along the vector. 



5.2 From y(w) to 2/0(2/1,^/2) 

Our goal is to express yo through yi and y2, i.e. to ehminate two variables u from the three-component vector 
equation (jS.ip for y = z^^v. Our strategy is to reformulate the problem in terms of polynomials and then 
solve it with the standard methods of non-linear algebra |36j . In result we obtain j/q &s a solution to quadratic 
equation, which will be afterwards compared with the results from boundary ring considerations. 
Our equations become polynomial in terms of [/ = e'"'^" and W = e'^^": 

zi{y - yaW + Z2{y- yB)W + zi(y - ycW'^ + z^^y - yD)W-^ = (5.5) 

where the four vertices are now denoted by A, B, C, D, see FiglHl and ya = 7^, with a — A,B, C, D, za — zc — 
zi, zb — Z]j ~ Z2, are the values of y at these vertices. Of course, resolvability of the system (|5.5p in four 
variables U, C/"^, W, requires that the 4x4 determinant vanishes - and this is guaranteed by the possibility 
to choose all 3-components of y and ya vanishing, so that vectors in (|5.5p have only three components, 0, 1, 2. 
However, since of the four variables U,U~^ ,W,W~^ only two are algebraically independent the vanishing of 
4x4 determinant is not the only resolvability condition. The more restrictive discriminantal constraint can be 
derived as follows. 

Take any pair of the three equations in ()5.5|) and eliminate W^^ or W: 

zi (KadU + KcdU-^^ + z2KbdW = 0, 

zi (KabU - KbcU-') - z2KbdW-' = (5.6) 

Here K^^ = e^^^Kb with 

Kb = iv' - v'aW - Vb) - iy' - yW ~ vl) = v^v: - yD + v^i.y'i - yH) + (yiiyb - vU) (5-7) 

and A, /i, = 0, 1, 2 is linear in variables and antisymmetric in ab. 

Picking any component of the first and any component of the second equation in (j5.6p we can use WW^' = 1 
to obtain nine equations: 

z^Kbd ® Kbd = z\ [KabU + KczjC/"') ® {KbcV - K^sC/"^) (5.8) 

or 

z\Kad ® KabU'^ + (^zfKcD ® Kab - z^Kad <8> Kbc + z^Kbd ® Kbd^W^ - zfKco <^ Kbc = 0x0 (5.9) 

Consistency of any pair of these equations is a non-trivial condition on K (all 36 pairs are giving rise to equivalent 
2/0(2/1,2/2)!)- According to [3B], 

2 

Tafi-yXfjXj = (5.10) 

/3,7=± 
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Fi gure lOi Feynman diagram for the Cayley hyperdetcrminant (15.111 1. Tensor Ta/S-y stands at the valence-three vertices, while 
propagators are e-symbols. See |36[ for more explanations. 



is resolvable system of two equations (with a — 1,2) for two variables a;+,x_ iff its resultant i?2|2 ~ which in 
this case coincides with the Cayley discriminant or "hyperdetcrminant" [38], see Fig[TOl- vanishes: 

= {T1++T2— - ri__r2++)2 + 4(ri+_T2++ - ri++T+_)(Ti+_r2__ - Ti__T2+_) = o (5.11) 

Of course, this is nothing but the condition that two quadratic equations have a common root and can be 
derived by elementary means, say, from explicit knowledge of the formula for the roots. In our case x+ = [/^, 
X- — 1, and tensor Ta/s-y is made out of K (X) K. Discriminant D2\3 is bilinear in both components of Ti.. and 
T2.., while is linear in the complementary y-variables (i.e. in y'' with /i ^ A. Thus discriminantal condition 
can be made quadratic in yo if we choose as a pair of equations from (|5.9p either K'^K^ and K'^K'^ or K'^K^ and 
K^K^ . Indeed, is independent of yo, while and are linear in yo, thus the corresponding discriminants 
will be quadratic. Instead, both expressions are a priori asymmetric in j/i and ?/2, one can also consider a linear 
combination K^{iiK^ + vK^) to put this asymmetry under control. 

Example: In the case of the square we have, see FiglH 

Pi = (2;0,2), p2 = (-2;-2,0), p3 = (2;0,-2), p4 = (-2;2,0), z, = ^ ^ (5.12) 

and 

yA = (-l;l,-l), yB = (l;l,l), yc = (-1; -1, 1), = (1; -1, -1), (5.13) 

so that 

-u + w -u-^ + w-^ 



yi 



u + w + u-^ + w 

These equations are simple enough to be solved directly: 



C/ + T4^ + C/-i +iy-i' 

-U + w + u-^ - w-^ 



„ (l+yi)(l-y2) (l+yi)(l+y2) 

and in this case yo{yi, ^2) is a solution to the linear equation: 

yo = 2/12/2 (5.16) 
However, equation is essentially quadratic already in the case of rhombus pQ. 
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5.3 Evaluating hyperdeterminant 



In general resolving eas. (|5.5p is rather tedious, moreover (|5.9p provides U and W as solutions to biquadratic 
equations, which are of limited practical use. However, since we need 2/0(2/11^2)1 there is no need to find 
U and W: this function is defined by discriminantal condition and what we actually need is evaluation of 
hyperdeterminant. This is a straightforward calculation with a nice answer: 

D2\3 ~ {P+Q+Q-}{P-Q+Q-} - {P+P_Q+}{P+P_Q_} (5.17) 

where {PQR} = e^^'^ P^Q^^R^ is the mixed product of three 3-component vectors. Proportionality coefficient 
between the first and the second lines in (|5.17p is —1 for Minkovski signature. Vectors P± and Q± are still 
another version of parametrization of (j5.5p : 

UV+ +[/-^P_ +VKQ+ +W-^q,-=Q (5.18) 

i.e. 



'P+ = zi{y -ya), P_ = zi(y - yc), Q+ = z2(y-yi3), Q-=22(y-yD) (5.19) 

Note that i32|3 itself is of the 16-th power in components of P and Q, moreover it depends on particular choice 
of a pair of equations out of nine in (|5.9p . However, all these 36 versions of D2\z contain one and the same 
factor (|5.17p . which is the quadratic equation for 2/0 that we are looking for. Quadraticity is obvious in the first 
line of (|5.17|) and is obscure in representation through scalar products, which is still also useful in applications. 



5.4 Examples 



Eq. (|5.17p provides 2/0(2/112/2) for generic quadrilateral as a function of positions of its four vertices in y-space. 
According to (|5.2p these 4 x 3 = 12 components of ya = -j^ are not free parameters (i.e. can not be chosen in 
arbitrary way): they are expressed through 3x2—1 = 5 components of the three independent null- vectors, 
constrained by the inscribed circle condition li + = I2 + li- Two of these five free parameters depend on the 
choice of the general orientation and scale, so that finally the whole pattern of boundary conditions is labeled 
by 3 parameters and they can be chosen in different ways. 

Mixed products with P and Q from (|5.19p are actually all linear in y: 



ABD 
CBD 
ACE ■ 
ACD 



{P+Q+Q-} = zi-4{y ■ {[ya X yb] + [yb X y^] + [yd x y^]) - {yAysyzjlj 

{P_Q+Q_} = ziz|(y • ([yc X ys] + [ys X yi)] + [yi, X yc]) + {yBycyc}) 

{P+P-Q+} = ^f^2fy ■ ([y^ X yc] + [yc X ys] + [ys X y^]) + {y^ysyclj 

{P+P_Q_} = z?z2(y • ([yA X yc] + [yD X y^] + [yc X yc]) - {yAycyc}) 

Each line in (j5.20p can also be written as a sum of four 3x3 determinants, for example. 



(5.20) 



ABD 



Z1Z2 



2/0 2/1 2/2 

VAQ VAl yA2 
VBO VBI 2/B2 



2/0 2/1 2/2 

2/BO VBI VB2 
UDO VDI VD2 



2/0 2/1 2/2 

2/DO VDI VD2 
VAO VAl VA2 



VAO VAl VA2 
VBO VBI VB2 
VDO VDI VD2 



It remains to substitute particular values of y^ and Za in order to obtain concrete equations in concrete examples. 



5.4.1 Square 

From Figiland ([STS]) . 

yA = (-l;l,-l), yi3 = (l;l,l), yc - (-1; -1, 1), yij = (1; -1, -1) 
Substituting these vectors for lines in determinants, we obtain for the first line in ()5.20p : 



ABD 



2/0 2/1 2/2 
-1 1 -1 
1 1 1 



2/0 2/1 2/2 
1 1 1 

1 -1 -1 



2/0 2/1 2/2 
1 -1 -1 
-1 1 -1 



-1 1 -1 
1 1 1 
1 -1 -1 



(5.21) 



= 421^2(2/0 + 2/1-2/2-1) 



(5.22) 
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Figure 11: Rhombus in the standard parametrization, suggested in [1]. The values of yo are also shown, yo = at four tangent 
points. The angle ij> defines the direction of a normal to the rhombus side. Directions to the vertices are 64 = — j (so that 
= 27r — 6^ = -j), 9g = -J, 9c = Ojy = Parameter B = V 1 + fe^ . External momenta pa = Ya+i — Ya are vectors along 
the sides, i.e. are given by differences between the values that y takes at vertices. Parameters Za are made from scalar products of 
these vectors and therefore are derived from the data in the picture. 



Similarly for the other three lines we get: 
CBD 



ACB 



ACD 



Z1Z2 



2/0 2/1 2/2 

-1 



1 



-1 1 
1 1 



2/0 2/1 2/2 
1 1 1 

1 -1 -1 



2/0 2/1 2/2 
1 -1 -1 
-1 1 



-1 



421^2 (-2/0 + 2/1-2/2 + 1) 



ziz2 



zlz2 



2/0 2/1 2/2 

-1 1 -1 
-1 -1 1 



2/0 2/1 2/2 
-1 1 -1 
-1 -1 1 



2/0 2/1 2/2 
-1 -1 1 
1 1 1 



2/0 2/1 2/2 
1 1 1 

-1 1 -1 



4ziZ2(-2/o + 2/1+2/2-1) 



2/0 2/1 2/2 
1 -1 -1 
-1 1 -1 



2/0 2/1 2/2 
-1 -1 1 
1 -1 -1 



1 1 

-1 1 
-1 -1 



-1 1 -1 
1 1 1 
-1 -1 1 



-1 1 -1 
-1 -1 1 
-1 -1 



1 



= 4ziZ2(2/o + 2/1+2/2 + 1) 
Since in this case zi = Z2 = | we finally obtain for (|5.17p the familiar result (|5.16p : 

Sn ^ -D213 = ((2/0 + 2/1 - 2/2 - l)(-?/o + 2/1 - 2/2 + 1) - (-2/0 + 2/1 + 2/2 - l)(2/o + 2/i + 2/2 + 1~ 



(5.23) 



(5.24) 



(5.25) 



((2/1 - 2/2)' - (2/0 - 1)' - (2/1 + 2/2)' + (270 + 1)') = ^(2/0 - 2/12/2) = (5.26) 



5.4.2 Rhombus 

According to the table in s.2.6.3 of [T1, see also FiglTTl 

yA = (-fo-,-B-,B_), yB = {B+-B+,h+), yc = (-&-;S_,-B_), yo = {b+;-B+,-B+), 
where 



6_ = 



1 + fe 



1-6' 

The four lines in (|5.20p are now 



6+ = 



1 - b 



1 -fe' 



iTfo 



, B=^Jl + b^ 



(5.27) 
(5.28) 



^ ^2 



2/0 2/1 2/2 

&+ B+ B. 



2/0 271 2/2 

fe+ B+ B+ 

b+ -B, -B, 



2/0 

b+ 



2/1 2/2 

-B+ -B, 



B+ 

-B, 
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^zizlB+ I B^{yo - b+) + hb+ + fe_)(yi - yz) 



zlz2 



zlz2 



yo yi y2 

b+ B+ B+ 



yo yi 2/2 

-6_ -B_ B_ 



2/0 2/1 2/2 



2/0 2/1 2/2 

6+ B+ B+ 

b+ -B+ -B^ 

Az^zlB+ i-B^iya -b+) + l{b+ + b^){yi - y^) 



2/0 2/1 2/2 

4z2z2S_ ( -B+(2/o + + ^(6+ + fo-)(2/i + 2/2) 



)(2/i- 


-2/2)) 


2/1 


2/2 








B_ 


-)(2/i 


-2/2)) 
/ 




2/2 










-){yi 


+ 2/2)) 



(5.29) 



5+ B+ 
5+ -B+ -B^ 



(5.30) 



2/0 2/1 2/2 

61 -B, -B, 



Aztz2B^ B+iyo + 6_) + -(6+ + 5_)(yi + ya) 



2/0 2/1 2/2 

6+ -B+ -B+ 
-6_ B_ 



S_ 

b+ B+ B+ 
-b- B_ 



(5.31) 



-B+ -B+ 
(5.32) 



Therefore we obtain for (|5.17p : 



(4ziZ2)' ^ (^2i3+)' Q(&+ + 6-)'(2/i - 2/2)' - Bl{y, b+f^ - (ziS_)2 Q(6+ + 6_)2(y, + j;^)^ - Bliy, + b_f 
= {Az^z^f [{B+B^f({zl - zl)yl + 2{zlb^ + zjb+)yo + {zib^f - (^26+)') + 



+ + b^f [{{z2B+f [z.B^f) {yl + yi) 2 {{z^B+r + {ziB^f) 2A2/2] ^ ™ 



/2£l£2S^ 



(zf - z^)y5 + 2yo 



z2(l + 6)2 + z|(l-6)2 /zi(l + 6)V (Z2{l-by^ 



1-62 



1-5 



2^2 
1 + 6 



1-6 



(2/2 + y2) _ 2B' 



1 + 6 



Zl 

1 - 6 



V 1 + 6 



2/12/2 



+ 



/8Z1Z2ZB2 



((l-62)yo + 6(l-yo2)_(i + 62)y^^^^ 



V 1-62 
provided 

zi = (1 - 6)z, Z2 = (1 + 6)z, 
what is indeed the case for rhombus, with 

1 



4\/rT62' 



(5.33) 



(5.34) 



(5.35) 



see mils]. 

Thus we see that exact solution to NG equations with rhombus in the role of the boundary 11 is 

1 



where 



5o = 2/12/2 ^ ^(1 ^ 2^0) sin(20) - 2/0 cos(20) = 



• 26 1-62 

sin(2(?!)) = , cos(20) 



1 + 62^ 



1 + 62 



(5.36) 



(5.37) 



This is in accordance with eq.(2.54) of [T]. 
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Figure 12: Kite-like polygon fl with only one Z2-symmetry, j/i ~yi- Kites form a two-dimensional family, parameterized by a 
and f3. Angles at four vertices are tt — a — j3 at A and C , 2a at B and 2/3 at D and directions to vertices are 9A = 2-K — dj^ = , 
9b = dc = Tr — and 9jj = ^ . The four normal directions are: 01 = a, (/)2 =1" — '/'l = n — a, 4>i = 7r-f/3 and <l>4 = 2tt — f}. 
Rhombus is a particular sub-family with (5 = a. Note that this picture is rotated by an angle ^ as compared to Fig llll 



5.4.3 Kite 

Kites form a two-dimensional family of polygons n, which possess only one Z2-symmetry, yi <-> —yi. We 
parameterize them by two angle variables a and /3, which are halves of the angles at two non-equivalent 
vertices, see FigfT2l Rhombi with symmetry, enhanced to Z2 x Z2, y2 —y2 in addition to yi <-> —yi are a 
one-parametric sub-family of kites with a = p. Note that for comparison with the results of s l5.4.2l one should 
also make a rotation of the (2/1,2/2) plane by j. After this rotation the square solution (|5.16p turns into 

S'u = 2yo + yl^yl = Q (5.38) 

and rhombic solution (j5.36p - into 

5; = 22/0 cos(20) + (1 - yl) sin(2(^) + yl ~ yl ^ Q (5.39) 

or 

5; ^ 2(1 - 52)2/0 + 26(1 - yl) + (1 + &2)(y2 _ ^ (5.40) 

with <j) = ^ — a and 



I cos a — sm q;| 
cos a + sin a 



(5.41) 



It is a simple geometrical exercise to express the values of y at the kite vertices through a and (3. It is only 
important to remember that we put the radius of inscribed circle equal to one. It follows that the ordinates of 
the vertices B and D are 2/2S — cot a and 2/2D = cot /3, while the corresponding values of 2/0 are 2/0B = 
and 2/oD = ^j^j because 2/0 vanishes at the tangent points with the unit circle. Further, the two side lengths 
li = Iab and I4 = Ida of the kite are related through 

h cos a -I- 14 cos (3 — 



sin a sin /3 

^1 sina = ^4sin/3 = 2/iA (5-42) 

The most convenient variables for actual calculations are t — tan ^ and t' = tan ^, i.e. trigonometric functions 
of the quarters of the kite's angles with values bound between and 1: < t,t' < 1. Unfortunately, they are 
much less convenient for consideration of particular degenerations, in particular for the square t' = t = tan ^ = 

In terms of these variables 



V2+1 ■ 



2t \-t^ . ^ 2t' ^ l-t'"^ 



sina=- cosa — sin 13 — tt, cos/3 = ^ (5.43) 
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and 



+^) . sin Q+sin ^ cos /3— cos a 
+/3) ' sin{a+/3) ' sin(a+^) 



(1— cos(a 
sin(Q+ 

V sin rv ' ' sin rv 



yc 



( 1 — cos(q4-/3) , sin a+sin /3 cos /3— cos 

\^ sin(Q+/3) ' sin(a+/3) ' sin(Q+/3) 



r) - ( 



It follows that 



cos/3 . Q 1 
sin /3 ' ' sin /3 



(P; 0, p) 

(Q; 0, g) 



" 1-tt' ' 1-tt' ' 1-tt' 



i n i+t^ 

\^ 2t ' It 

I t+t' . i+tt' t-t' \ 

y 1-tt" 1-tt" 1-tt' J 



(5.44) 



f 1^. 

\^ 2i' ' 



1+t 
2i' 



Z2 = Zb = ZD 



yc -ys)(yB -y^) 
^ - yB)(yD - yc) 



-1/2 



1 

^ 2V2 1 + tt' ' 

-1/2 V2iF 



2 V''"' •'-/w- •'-v 2(1 + tt') 

In terms of condensed notation, introduced in (j5.44p . the four lines in (j5.20p are now: 
yo yi 2/2 



(5.45) 



ABD 



zizl 



-K k+ fc_ 
P p 



2/0 2/1 2/2 
P p 
Q g 



2/0 2/1 2/2 
Q g 



-K k+ 
P p 
Q q 



z,zl [k+ ((p - q)yo - (P - Q)y2 + [Pq - Qp)) + (k{p - q) + (P - Q)k^ - {Pq - Qp)) yi} 



CBD 



ziz\ 



yo 2/1 272 

—K —k+ fc_ 
P p 



yo 2/1 2/2 
p p 

Q q 



yo 2/1 2/2 
Q 9 

—A' — fci /c_ 



P p 
Q q 



= ziz2 {-fc+((p - g)yo - (P - Q)2/2 + (Pg - Qp)) + {k{p - q) + {P - Q)k- - {Pq - Qp))yi] 
ACE : z\z2 



2/0 


2/1 


2/2 






2/0 2/1 


2/2 








2/0 


2/1 


2/2 




-is: 




-K 


fc+ 




+ 




-is: 






-i 




p 







+ 


p 


p 


-K 


-K 


/e_ 






P 


p 








-is: 


k+ 






-is: 


— /c_ 






2k+zlz2(^ik- 


- p)yo + 


{K + 


P)y2- 


- (Ap 


+ Pk^ 


-)) 






2/0 


2/1 


2/2 






yo 2/1 


2/2 








2/0 


2/1 


2/2 




-if 




-K 


fc+ 




+ 




Q 










-a: 








-K 


— /c-l- fc_ 


-K 










-is: fc+ 










Q 









Q 


g 






2A:+z?Z2((fc_ 


- 9)2/0 + 


{K + 


Q)y2- 


-(ifg 


f Qfc- 


-)) 







^CP> : zlz2 



Thus (|5.17p becomes: 

(Z1Z2)' 1^2' (^(p - 9) + - - {Pq - Qp))'2/i - {k+z2f [{p - q)yo - {P - Q)y2 + {Pq - Qp)) 

-(2fc+zi)2((fc_ - p)yo + {K + P)y2 - {Kp + Pk^)) ((fc_ - 9)2/0 + {K + Q)y2 - {Kq + Qk.)) } 
and finally 

Sk^te - i^2|3 = 128(1 + ^0^ 1 " ^'^^ ^ ^^^^ ^ ^''^) ^ ^ ^'^^^ ^ ^ 

+ (1 + tt'f{yl - zj2) - 2(t - t'fyl + 4(1 - tt')({t + t')yo + (t - i')2/2) - (l - 6tt' + (tt')') } (5.46) 
This expression can be also rewritten as 



6AS,ue = \{yl + vl - vl - 1) + \ l 



{l + e){l + t'^) 

{i + tt'Y 



2/2 + 



Att' 



{i + wy 
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Figure 13: Generic skew quadrilateral ft is parameterized by four angles: 'PA,B.C',D, subjected to constraint 2(fA + 2ipB + 
2vc + ^ipn = 2iT. For circle of unit radius the side lengths are li = Iab = tantpA + tanipg etc. Rotation freedom is fixed 
by requiring that the first segment AB is vertical: ij>i = 0. Then the other three normal directions are: ip2 = 4>BC = ^ipg 
<t>i = 4>CD = 2(/3s + 2ipc = 27T — 2(fA — 2ipo, 04 = 4)1:) A = 2it — 2ifo and direction towards the vertices are: Ba = 2it — ipA 
9b = 'fiB 1 = 2ipB + 'fic I = 2-k — 2kpA ~ fD ■ The angles of quadrilateral are 2ciyi = tt — 2ipA , 2aB = tt — 2ipB , 2ac = tt — 2ipc 
and 2a ]j = n — 2ip]j {ac and ajj arc not shown). 



2(^2 -t'2) 2(1 -tt')/. ,^ , ,^ A 

- (1 + tto^ + (TTW v^' + * + - ' ^yy 

or, making use of (|5.43p to convert back to original angular variables: 

^(l28SMte + P2) cos(a-/3) = 

= 2/q cos a cos /3 — 2/2 + 2/02/2 (cos a — cos /3) + yo sin{a + f3) + 7/2 (sin a — sin/3) + sin a sin /3 = 

= j/q cos a cos /? + ?/o2/2(cosa — cos /?) + yo sin(a + /?) + (sin a — j/2)(sin/3 + 2/2) (5-47) 

5.4.4 A version of parametrization for generic quadrilateral case 

In the case of generic quadrilateral (with inscribed circle) we have, see FigfT^ 



Iab =t&n(pA+ta.nipB, Vb - Ya = [o-abUb; -IabsukIjab, lABCos(j)ABj (5.48) 

and similarly for all other sides. Therefore, assuming that the first side AB is parallel to ordinate axis, we can 
parameterize all vertices by four angles ipa constrained by a single relation: 

ipA + ^B + y^c + y^D ^ (5.49) 

Then 

Ya = (^-taii-ipA; 1, -tampA^, 
Yb = (^tan^Js; 1, tan^Js), 
yc=(-tan<^c; 1 - ^scsin(2(^B), tan (/)_b + /sc cos(2(^b)^ , 

Yd = (^tsLiiipD; I - lADSm(2ipA), - ism ipA - Iad coa{2ipA)j (5.50) 
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One should further substitute 

1 — tan^ ip 2 tan ip 

cos{2ip) = 2 , sin = ^ , (5.51) 

1 + tan 1 + tan ip 

then the constraint (|5.49p is a simple relation 

tA+ts + ic + tD — tAtstc + tAtstD + tAtcto + ^3^0^-0^ (5.52) 

linear in all i- variables. If, say, is expressed through the three other variables, then 

1 1 ^2 ^ {l+t\){l+tl){l+tl) 

^ tAtB + tstc+tctA-l? ■ 

and 



/ 1 + t| ^ tAtB+tBtc + tc'tA-l , . 

^ 8{tA + tB){tB+tc)' ^'"Y 8(iA + ti3)(iB+ic) ^ 

Evaluation of discriminant (|5.17[) is straightforward and results in: 

Squadri = -D2|3 ^ Vq{^~ ^AtB " is^C + ^A^C + (2<ylic - 1)^b) ^ ("^ ^ ^"^^^ ^ ^'^^'-^ ~ tctA + t\ 

+yl (2 + tAtB - Sisic + tAtc ^ ^b) + vl{ ~ ^^AtB + tBtc - tAtc + (2tAtc + 1) 



+2yi?;2 (^-tA + 2tB + tc + {tA - tc)t% + 2tAtBtc) + 2j/o2/l (tA + tc + 2{-tA + tc)t% - 2tAtBtc) + 

+ 4t/o2;2tAts(l - tBtc) - 2yoitA + tc)(l + 4) - 4^1 (1 - tBtc) + 22/2 (^a - 2tB -tc + (tA + tc)tl^ (5.55) 



Omitted overall coefficient (unneeded for our purposes) is 

{ziZ2)'^{tA+tB){tB+tc) 



2(1 + tl){tAtB + tBtc + tctA - 1)2 



(5.56) 



This is a rather long expression and it is asymmetric in its variables, because use independent variables, with 
to excluded. Actually this formula possesses cyclic symmetry under (ABCD) {BCD A) . . .and is also 
invariant under permutations of opposite vertices B ^ D and A <-> C. Only the last of these three symmetries 
is exphcit in (|5.55p . 

Particular case of square corresponds totA~tB=tc= tan f = 1 , then (|5.55p becomes 

Squadn -8(yo - 2/1J/2) ~ (5.57) 

as expected. 

Comparison with the rhombus case is a little more involved. For rhombus tA = t^^ = tc = t^: pairs of 
opposite angles are equal, the sum of adjacent angles is tt (this is true for any parallelogram, but inscribed circle 
condition leaves only rhombi for our consideration). Expressed through is = t, eq. (j5.55p becomes: 



Squadr^ -4 (^t + -j {^0 ^ 2/12/2 + ^ (^t --)(% + ^1 " 2^2 " 1) | ~ (5.58) 

In order to compare this expression with other versions of 5o originated by p], we should rotate it in the (2/1, 2/2) 
plane to switch from the choice of vertical side AB, implied in l5.55i to 6*5 = |-, implied in (|5.36[) . This means 
that we should rotate by angle (pi = (f>AB, which is related to t = tB = taii{ipB) with tpB ~ j ^ (j^AB by 

tan(20) . cot(2^,) = " = - t) (^.59) 

2sm(pB cosiy9_B 2 \ tj 

Substituting (2/1 , 2/2) — > (2/1 cos + 2/2 sin 0, —yi sin + 2/2 cos 0) into (|5.58|) we convert the r.h.s. into 
2/0 - 2/12/2 cos(20) + i(2/? - yj) sin(20) - i tan(20)(2/o + 22/i2/2 sin(20) + {yf - yj) cos(20) - l) = 

^ ^2/0 cos(20)- 2/12/2 + i(l- 2/0') sin(20)') ^ ^—S, (5.60) 



cos(20) V 2' ' cos(20) 
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One more way to represent Squadri is to express it through canonical elements P2 and Cquadri , which is linear 
in yo with coefficient one: 



5< 



Cquadri 




(5.61) 



From ((535)) 



It turns into /in 




i ia,ii{2(j) ab) for rhombus. 



(5.62) 



5.5 Intermediate conclusion 

The main result of this section is that exact solution to our Plateau problem for generic skew quadrilateral 11 is 
reduced to quadratic equation in y-variables: 



Moreover, it is quadratic in j/o- Only in the case of the square, 11 = □, i.e. for Z4-symmetric configuration, 
it further reduces to a linear (|5.16p . This means that such elements, more sophisticated than linear, but still 
simple, should be of primary interest for us in the study of the boundary ring at least at n = 4. This new 
experience implies certain modification of research direction, suggested in sections 12.51 and 12.61 on the base of 
.^„-symmetric considerations, shifting attention from r/o-linearity of the desired boundary ring elements. 

In the next section[6]we continue discussion of the boundary ring structure, originated in jlj . Not-surprisingly, 
Sii is not immediately distinguished as an element of TZn - it belongs to the intersection of the ring with the 
space of NG solutions and can not be found by considerations of the ring only, - but it can be easily found 
within the simple classes of elements in 7?.n . A systematic approach can be to classify the elements of TZu of a 
given degree in variables, and then use them as anzatze for solutions to Plateau problem. Such anzatzc will 
contain a few free parameters (" moduli" ) , because degree does not fix the element of TZn unambiguously. They 
can be either perturbed, substituted into NG equations and analyzed by the methods of s.comprec or, instead, 
as suggested in [13], used to evaluate the regularized action, which can be afterwards minimized w.r.t. the 
remaining "moduli". This provides two approximate methods, which can occasionally produce exact answers 
(and then coincide). It would be particularly interesting to analyze in detail the families Tn/2 of degree n/2 in 
TZii. Not only exact solutions iSn at n = 2 and n = 4 belong to T^ji^ such families looks distinguished in the 
theory of the rings themselves: n/2 looks like the lowest degree necessary to distinguish between the ring itself 
and its sub-rings, associated with unifications of 11 with additional lines. 



'5n(yo; 2/1,^2) = 



(5.63) 
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6 Boundary ring for polygons 



This section is devoted to simple arithmetics of the polygon boundary ring and is a first step towards their 
systematic consideration on the lines, implied by s l5.5l Essential simplification of TZjj is provided by conditions 
(|1.2p and we continue to impose them. Then P2 = Vq + ^ — Hi — 1/2 ^ Uq + I — zz is always an element of 
TZu, but we need more. The situation is not quite simple because generically there are no "generators" in the 
rings of polynomials of many variables|f| instead a sophisticated structure arises of complementary maximal 
ideals and "dual" descriptions. We do not go in details of abstract algebra in this papei0 and concentrate 
on the down-to-earth consideration of low-degree elements in TZu, to provide concrete information for further 
developments. Our "universal" P2 is of degree two, but the other "obvious" polynomials Pu, considered in [T] 
and listed in (|2.6p . are of the "high" degree n. At the same time, Kn/2 in (|2.16p and S in s l5.4l are of degree 
n/2 and still belong to TZu- 

In order to put the situation under control we fully use the specifics of our boundary ring: the fact that 
n consists of intersecting straight segments (actually, entire lines, if we are interested in polynomial boundary 
rings) and thus can be constructed from elementary rings for individual straight lines. This allows to introduce 
complex- valued elements Cn G 7?-n, which, like Pjj, are multiplicative characters, i.e. are products of the 
elementary C| for individual segments. Of course, they are also of degree n in y- variables. Then we demonstrate 
how the relevant real-valued elements of lower degree can be extracted in a generalizable fashion. 

6.1 A single null segment 

According to (|2?8)) . 

z = yi+iy2 = e*"^ (^h + ia{yo - yoo)) , (6.1) 

where, see FigfHl (j) is an angle between a normal to the segment and the j/i-axis, h is the length of the normal 
from the origin to its intersection point with the straight line which contains our segment, yoo is the value of yo 
at this intersection point, while a = ±1, depending on the direction of t/o- This relation defines an element of 
the boundary ring, 

C| = C| (0, a\h, yoo) ^ yo - yoo - icr {h - e^"^z) (6.2) 

which vanishes along the segment. In fact it vanishes on entire straight line, which contains the segment. Of 
course, this property is inherited by boundary rings in all more complicated situations: polynomials vanishing 
on the sides of a polygon will do so on entire straight lines, containing these segments. This is a general feature of 
any approach based on polynomials, though it is not necessarily preserved in transition from algebraic geometry 
to functional analysis. It deserves mentioning that solutions to Plateau problem in flat Euclidean space are 
believed to respect this property, see, for example, [33]. 

Actually the real and imaginary parts of (|6.2p are the two independent generators of 7?,scgmcnt: 

Re{Ci) = 2/0 - yoo - crlm(e~*'^z) = yo - Yoo + cr{syi - cy2), 

alm{q ) = -h + Re{e~'^z) = cyi + sy2 - h (6.3) 

They are both linear in y- variables. Our universal element P2 is a quadratic combination of these two generators: 
P2 = (yo - yoo)' + h^~yl- yl = -\C\\^ + 2((yo - yoo)Re(C|) - hlm{C\)) (6.4) 
For example, the boundary rings of coordinate axes are produced by the complex generators 

y2 axis : C| (0, cr|0, 0) = yo + icrz = (yo - ^2/2) + 

yi axis : C|(f , cr|0, 0) = yo + crz = (yo + cryi) + «cry2 

Indeed, the normal to the y2 axis is directed along the yi, i.e. (j) ~ Q, while normal to yi is directed along y2 so 
that (j)' = f . Further, C|(0,f7|0,0) = implies that yi = and yo = cry2, while C| (f , cr'|0, 0) = - that y2 = 
and yo = -cr'yi. 

^This is the same simple algebro-geomotric statement, which is the origin of the old puzzle in the foundations of first-quantized 
string theory, see 1391 . 

^It deserves emphasizing once again, that we are interested in not-generic "singular" situation, what is best illustrated by s|4] 
above, and all the associated peculiarities are essential. 
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Figure 14: A single segment, a part of a straight line. Shown is its projection ft = | on the (1/1,3/2) plane. The line is light-like 
and thus is fully defined by three parameters: angle 0, distance h and discrete choice cr = it of the lyo direction w.r.t. direction 
in the (3/1,1/2) plane, denoted by arrow on the line. Such straight line in the 3d space (3/0 ; 3/1 1 3/2 ) satisfies two real- valued linear 
equations, which can be unified into a single complex- valued C| = 0, eg. 1 16.21 1. Note that is defined to be the direction of a normal, 
not of the line itself. 



For generic </> the real and imaginary parts of C\ are: 

Ke{C\) = I - cyi - sy2 P\{yi,y2), 

Ini(C| ) = o-yo + syi - c?/2 = o-^l" (6.6) 

where c = cos4>, s = sin0 and £ is a hnear element from TZ\, satisfying the condition (|2.15p . 

It is clear from these examples that only the real and imaginary part together, not any one of them separately, 
provides an adequate description of the ring. Perhaps more surprisingly, if we take any of these two elements 
and supplement it by P2, we do not obtain a proper description of the boundary ring. Indeed, a pair {P\,P2\ 
does not contain any information about cr and can not distinguish between the two different boundary rings 
TZ'^^^ and TZ"^^^ , associated with two different polygons 11 which have the same projection ft on the {yi,y2) 
plane. As to the pair {£p P2}, it specifies a appropriately, however it does not distinguish between two different 

II(!): two parallel, but different lines with two different angle variables 4> and 4> + n. We return to discussion of 
this phenomenon in s l6.3.3l below. 

6.2 Prom a single segment to generic polygon 

Given eq. (|6.2p . one can immediately construct a complex element of the boundary ring for any collection of 
intersecting straight lines: 

n 

'^[+■■■+1 = 11*^1 ('^"'^"l^'^'^O'^) 

Actually this formula is not unique, one can change some entries in the product by complex conjugates: actually 
there are 2"~^ non-equivalent possibilities, 

<^[±,,,±]{(l^a,Cra\ha,yOa}, (6.8) 

n 

where ± label the choice of Ci or C| at the given position in the product l|6.7p . Any of them can be used for 
description of the boundary ring. In what follows we concentrate on C[+ ^j, which analytically depends on z, 
and make additional simplifying assumptions. 

When all ha are equal, ha = h, (this happens whenever projected polygon n possesses an inscribed circle), 
then also all yoa are the same and can be shifted to yoo = 0, so that 

P2 = yl + h^~ vl - vl (6.9) 

is always an element of the boundary ring and polynomials C can be divided by P2, like it was done in s.3.3 of 
[1], so that the residue can be required to satisfy some constraint of our choice. For example, it can always be 
made linear in y^ and satisfy the linearity condition (j2.15p . As an example of a different choice, z-analyticity 
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implies that P2 is not involved. Most important, sometime the division procedure can be used to decrease the 
degree of the bound ring element: C defined in (|6.7p has degree n in y-variables. 

Since all ha are equal, we rescale y- variables to put h = 1. Thus in what follows in this section h = 1, yoa = 
and subscript in (|6.8p is always [+...+]. Therefore all these labels will be omitted. Instead, to further simplify 
the formulas, a will be often attached as superscript to the corresponding i/i-variable. Finally, in most cases 
(but not everywhere) we assume that j/o switches direction at the vertex, i.e. cTa+i — —era and ctq — (— )''~^ - 
this, however, will always be mentioned explicitly. 

6.3 A chain of two null segments: an angle (cusp or cross) and two parallel lines 

Consider first the two neighboring segments, with different angles (j) — ipi and (j)' = (j)2, which meet at a vertex 
and form an angle 2a = tt —(</)' — (j)) (often called "cusp" in the literature on string/gauge duality; since 
polynomials from the boundary ring will vanish on entire two straight lines it could even better be named 
"cross" in this context). 

6.3.1 The case of 0-2 — —cri 

With all above-mentioned restrictions we have 

Cz = C{02-, } - C| (<^2")C|(0+) = (yo + 1(1 - e"'^^^)) (j/o - i(l - e^^^z)) = 
= 1 + yo - 2ze"'''(yosin93 + cos(p) + (^e"'^)^ = P2 + zz - 2zer''^ {yosimp + cosip) + {ze^'^)'^ (6.10) 

where (pi — ~ (p and (1)2 ^ 9 + (p. 

For example, a.t 6 ~ j imaginary and real part of are 

Im (Cz{0 - ^)) - (yi - y2) (\/2(yo sin^ + cos(p) - (yi + y2)) (6.11) 

and 

Re(Cz(6' = J)) =l + y^-\/2(yosin(/5 + cos<^)(yi+y2) (6.12) 

respectively. These two elements of TZz are related by addition/subtraction of P2, one of them is quadratic 
while another linear in yo, however, the coefficient in front of yo is proportional to yi — y2 and condition p.lSp 
is not satisfied. However, this (yi — y2) is a common factor in front of entire expression, moreover it does not 
belong to TZz and can be simply thrown away - thus giving rise to an y-linear element of TZz ■ 

Since 6 = j is not a restriction {6 can be changed by overall rotation), this linear element always exists in 
TV2^ . Because it is a procedure that we repeatedly use below, we formulate it once again. Subtracting P2, one 
can convert Cz into an yo-linear element of the boundary ring: 

- P2= zz - 2ze-'%yQ sin if + cos tp) + {ze-'^f (6.13) 
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The crucial phenomenon is that the coefRcient of the yo-lineai term is actually a common factor z in the whole 
expression. Furthermore, it is not identically zero in the ring and thus can be eliminated. This provides a new 
element of the boundary ring which in this case is automatically linear in all the y- variables: 

C{cl)^,<j}t} -P2 ^ ^e'^ + ^e-'«_2(yosin^ + cos(^) = -2/:z (6.14) 
ze 

Indeed, substituting ze~"^ = 1 + icryQ we get: 

^Cz[{0 + f)^,{0~ip) + ^ = ( cos(6' - 0) - cos .^j + yo (cr sin(6' - 0) - sin (6.15) 

2=(l+iCTj/o)e'* 

and this expression obviously vanishes for 9 — (p = ±Lp and cr = ±1. 

Note that despite we obtained it from the complex- valued character Cz, this new element (I6.14p is real: 

= yo sin (/J + cos ip — yi cos9 — j/2 sin9 — yo cos a + sin a — yi cos9 — y2 sm9 (6.16) 

We do not divide the r.h.s. by cos a to simplify the formulas, however, this hides the singularity of the limit 
a ^ ^. At other values of a the boundary ring TZ^'^ is nicely described by the pair {£z, ^2)- 

Existence of £ is a non-trivial phenomenon. We do not need to go far away to find a situation when it does 
not exist: it is enough to switch from alternating cr to a constant one. 

6.3.2 The case of (T2 = (^1 

In this case we obtain: 

C{02+, 0+} = C| ((/)+)C| ((/)+) - (yo - 1(1 - e-'^^z)) (yo - i(l - e-"^^z)) = 
= 1 + y^ - 2(1 - ze-'^cos(/3)(l + iyo) - {ze-'^f = P2 + zz - 2{l - ze"'" cos ^)(1 + lyo) - {ze-'^^f (6.17) 
We can again subtract P2 in order to obtain an yo-linear element of 7?.^^: 

C{(t>t^(t>t} - P2^ ZZ - 2(1 - ze"'''cosv3)(l + iyo) - (^e^''^)^ (6.18) 

However, the coefRcient of yo term is now not a common factor of entire expression and can not be eliminated. 
A linear element exists in TZ'^~ but not in Tif^^ . 

This last part of this conclusion has a remarkable exception: cos f = Q, i.e. Lp ~ ^. 



6.3.3 Two parallel lines. The case of 0-2 = ~f 1 

In many non- generic examples, like Z„-symmctric configurations of [T] or Z2 x Z2-symmetric rhombus of [1] the 
possible building block is a pair of parallel lines, which is a particular choice of our angle with 2a = 0. Moreover, 
both cases (T2 — icri are needed for this kind of application, even if we are interested in n-angle polygons with 
even n and alternated CTq — {—)°'~^'- for rt = 4/c — 2 the parallel sides will have opposite ct's, while for n — Ak 
their a's will be the same. 

Substituting p — ^, i.e. 9 — ^ + cf) into (|6.14p . we obtain: 



-11 
and 



= J/o - R-e(ze '^)=yo-Im(ze "^) = yo - 2/1 cos6' - ya sin6' = yo + 2/i sin - y2 cos (6.19) 



'^il =yQ + Re{ze *^) = yo + Im(ze *'^) = yo -f yi cos0 -I- y2 sin = yo — j/i sin </> -I- y2 cos (6.20) 



11 

-\\ 



and C::'^'^ =0 implies that 



yo = (T(-syi + cy2) (6.21) 
Comparing (|6.6p and (|6.20p , we can observe that 

rn"" = (6.22) 
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This is manifestation of the fact, which we aheady mentioned in the end of s l6.1l Now we can formulate it in a 
better way: it turns out that C\ is not just an element of the boundary ring TZ\ , it actually lies in its sub-ring: 

Ci e 7^|| c 7^| (6.23) 

Whenever the boundary 11 = IIi U 112 is decomposed into two components, we have 

7^^lU^. C 7^^l, 7^^lU^. C TZn, (6.24) 

and all the elements of a polygon boundary ring naturally belong to the bigger boundary rings of its particular 
segments, angles, triangles etc. What we encountered, however, is a kind of an opposite phenomenon: in our 
attempt to build up representation of a given boundary ring, namely TZ\ we actually obtained elements of its 
sub-ring 7?.|| instead of elements in generic position! We shall encounter more examples of this kind below, and 
one should always be careful to check what the actual nature of emerging elements is. 



6.3.4 Two parallel lines. The case of (T2 = o^i 

As mentioned at the very end of s l6.3.2i two parallel lines provide a practically important exception from the rule 
that there are no j/o-linear elements in 7?.^^. This exception, however, has a number of non-trivial properties. 
At = f and 6* = + f eg. fOS)) gives: 

C++ -P2 = zz- 2(1 + lyo) + z^e'^"^ (6.25) 

The real and imaginary parts of this complex expression are: 

Re(c++) - P2^ zz-2+{yl~ yl) cos(20) + 2yiy2 sin(20) = 

= -2(l-(2/iCOS(/.-)-y2sin0)2) -2/^|(yi,y2) (6.26) 

and 

Im(c++) = -2yo - {vl - vl) sin{2c^) + 2yiy2 cos(2,/)) = -2C++ (6.27) 

For (72 = (Ti = — 1 the answer will differ by sign in front of yo? a-nd we obtain the linear element in TZ"^" in the 
form: 

q^ic^) =yo- <j{yiV2 cos(20) + i(y2 _ yl) sin(20)) = yo - ayfyf , (6.28) 

where 

yf = yi cos (/) - y2 sin (j), 

yl" = yi sin -I- y2 COS (6.29) 

are rotated coordinates yi and y2. In particular, for two vertical lines {(j) = 0) we obtain: 

>C^+ = yo - Viy2 (6.30) 

It is now obvious that what we obtained is not just an element from 7?,|| - it actually belongs to its sub-ring 
TZa'- vanishes on four sides of the unit square, not only on the two vertical lines, which formed our 11: 

£,[+ e 7^□ c 7^++ (6.31) 

Worse than that, in this case one can not find any element of the boundary ring 7?.||+ which could be used 
as a complement of P2 in adequate description of the boundary ring: such description is available only without 
P2, for example C||'+ in this case is a pair {1 — yj, yo — yiy2}- This in turn means that our approach to NG 
solutions would not work in this case: and indeed two parallel lines with coincident cr's form an impossible 11, 
such diangle formed by two null lines is simply non-existing (while a similar diangle with a2 = —(Ji does exist, 
and is an n = 2 version of the Z„-symmetric configurations of [T] with (j6.20p providing (together with the usual 

= P2) an exact solution to NG equations. 
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6.4 Pairs of parallel lines: from square to hexagons 



The boundary rings for a square and, more generally, for a rhombus can be constructed from already available 
building blocks in two ways: by combining two pairs of parallel lines and by combining two non-adjacent angles. 
Only the second one of these options is available for kite and for generic skew quadrilateral, but it is a little 
more complicated and we begin from analysis of the first one. 



6.4.1 Square 

We know already that C'^^'^ occasionally belongs to TZn and we do not need to do any more calculations. 
However, we know this because the situation is very simple and all answers arc immediately clear "from the 
first look" . But what we need, is a kind of a systematic approach to construction of boundary rings, not relying 
upon accidental observations. Therefore we proceed regularly in this trivial example and use it to illustrate the 
general procedure. This procedure implies that we take yo-linear elements, associated with our building blocks, 
multiply them and try to make them yo-lincar again by subtracting the always-available polynomials P2 and P, 

P, P from (j2.6p . If we are building the square from two pairs of parallel lines, this means that write: 

(f ) '^ll^ ^'^^ (yo + (-2/12/2)) (2/0- 2/12/2) = (2/0-^12/2)^2/0 -22/oyiy2 + j/i2;2 (6-32) 

Next we subtract P2 to eliminate the term ijq: 

(I) C++ (0) -P2 = -2yo2/i2/2 + vlvi - I + vl + vl (6.33) 

This element does not deserve the name of because the coefficient in front of is not constant. This 
coefficient does not belong to TZn thus in principle we could eliminate it. Unfortunately, it is not a common 
factor in front of entire expression, so we can not simply get rid of it. What we can do, however, is to make use 
of 

Pu ^ (l-2/?)(l-2/i) (6.34) 
which is an "obvious" element of TZn- Adding it to (|6.33p we obtain: 

" (f ) -P2 + Pu^ -lymyo + '^ylvl = -22/12/2(2/0 - 2/12/2) = -22/12/2^0 (6.35) 

Now the coefficient of j/o is a common factor and can be thrown away to give 

-Cn = 2/0 - 2/12/2 (6.36) 



6.4.2 Rhombus 

Above procedure is immediately generalized to the case of rhombus: 

r— , \ r++ \ I6.28[ 

= (2/0 + 2/12/2 cos I + 2(p) +^(2/2-2/?)sin(^ + 2(/3^)(^yo-2/i2/2Cos(^| - 2tp^ ~ ^{yl ~ yf) sin (^^ - 2ip 
= (2/0 - 2/12/2 sin (2lp) + ^{y^ - yj) cos (2^5) ^ (yo ~ yij/a sin (2lp) - ^{y^ - yf) cos {2(p) ^ = 

= (2/0 - 2/12/2 sin (2(y9) j - - (2/2 - vlf cos^ (2(p) (6.37) 
In the case o square = f and 2lp — Subtraction of P^ converts this expression into 

(J + ^ 1^1+ ( J - (^) - P2 = -22/02/12/2 sin(2(^) -t- ylyl sin2(2<^) -^y\^yl-\~ \{yl - yff cos^ (2(^) 

Now we need to get rid of the terms that are not divisible by 2/12/2, and again we have to try to achieve this. 
Substituting (j)i — j — if,(j32 — j + yy,4'3—4'i'^'^ a-nd (/'4 = (/12 + tt into the first line of (|2.6p . we obtain: 



= 1 - (2/1 COS01 + 2/2 sin 0i) 1 - (yi cos</)2 + 2/2 sin ^2) 
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= (^1 - ^ (y? + y| + 22;i2/2 cos(2(^) + (y^ _ yf) sin(2(^)) ^ (^i - 1 _^ y2 ^ 2yiy2 cos(2^) - {yl - y|) siii(2^)) ^ 

= 1 - - y| - 2yiy2 cos(2(^) + l(^(^yf + yl + 2y^y2 cos(2^)) ' - (y? - y^)' &in^{2ip)^ (6.38) 
At intermediate stage we denoted c = cos and s = sin (p. Now we are ready to combine: 



-2yoyiy2 sin(2v9) - 2yiy2 cos(2v9) + ylyl siv?{2ip) + \^\^(vl + vl + 2yiy2 cos(2^)) - {yl - yl) 
= -2yiy2 iyo sin(2v5) + cos(2v?) - iyiy2 sin^(2(p) - ^ (yi + cos(2v?)^ {y2 + yi cos(2(/)) 



= -2yiy2 [yo s\n{2Lp) + cos(2(p) (^1 - ^(y? + y^)^ - yiy2 j = -2yiy2 sin(2^)/:o (6.39) 
All terms, which were not divisible by yiy2, canceled and we finally obtain: 

1 „. , C0S(2</.) 1, 2 , ,^ , A 1.2 , „,2- 



where a new parameter ^ introduced, related to ip by 

coshC=-^ = — sinhe=^^^ = tan(2</)0 (6.41) 
sm(2iy9) cos(2(pi) sm(2p) 

Thus we derived an expression for £0- It is canonical in the sense that this is the only element of TZ^, which 
is linear in yo and satisfies (|2.15p . Moreover, it has degree 2 = ^ in y- variables! Any other element of degree 2 
in TZ(^ can be obtained by adding P2 with some constant coefficient. It is within this 1-paramctric family 

Co + /iP2 = (6.42) 

that we expect to find the solution to Plateau problem (since we know from section [5] that for n — A the solution 
is quadratic in y): 

5o - £0 + M0-P2 (6.43) 

the value /i^ can not be found by the study of the boundary ring alone: it is defined either by NG equations or 
by minimization of regularized action w.r.t. to /i-variable. Since we actually know what 5o is, we can use this 
answer, eq. (|5.36p . 

J 5 . 3 ST i 1 

So ^ yo-yiy2cosh^+-(l-yg)sinh^, (6.44) 



to get: 



Aio = ^^'^^^^ (6.45) 



6.4.3 A two-parametric family of hexagons 

If instead of two pairs of parallel lines we consider three, what we obtain will be a hexagon. It will be not a 
generic hexagon with inscribed circle|f| which form a family with n — 1 — 5 parameters (), but a 2-parametric 
sub-family, which, however, contains the Zg-symmetric hexagon, considered in [I]. 



* If conditions 111.21 1 of AciSa -embedding are not imposed, hexagons form a 3n — 8 = 10-parametric family: 3n coordinates 
{yi I J/2, ya) of n = 6 vertices minus 3 parallel transports, minus 3 rotations, minus one rescaling and minus one constraint (Jala = 
which guarantees that 11 formed from null-segments closes in 3/0 direction. If only space-flatness condition 3/3 = is imposed, the 
space of relevant hexagons reduces to 2n — 5 = 7 dimensions. Inscribed-circle condition (it makes sense only if 1/3 = 0) imposes 
n — 4 extra constraints and brings the dimension down to n — 1 = 5: n angles (l>a minus one common rotation. 
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We assume that the first (and thus also the forth) side of the hexagon is parallel to the y2-axis, 0i — 0, 
(jji — TT ~ this fixes rotation freedom. Remaining two parameters are <j)2 = (f) a-^d (/)3 = tt — 0'. We denote their 
sines and cosines by c = cos (p = cos (1)2, s = sin (p = sin (j)2, c' = cos (/)' = — cos ip^, s' — sin (/>' = sin 03 . This time 
we should use and £J|"~ rather than as the building blocks. 

^'w^iM^'\\^ih)^'ll^{<l>i) ^^^^^ [yo + s'yi + c'y2){~yo + syi-cy2){yo~V2) = 
-yl + Vl {{s - s')yi + (1 - c - c')y2) + 

+ yo [ss'yj + ( sm{(j) - cj)') + (s' - s))yiy2 + (c + c' - cc')yl^ + ( - ss'yfy2 - sin(0 - ?!)')2/i2/| + cc'yfj (6.46) 

This time we get an element of TZhexa, which is cubic in y- variables, in particular it is cubic in yo In order to 
obtain an yQ-lmeav expression we need to subtract P2, multiplied by a polynomial which is not just a constant, 
but contains also a first power of yo. Note, however, that since we are multiplying C'^^'^ instead of the 
product has power n/2 = 3 in all of the y-variables, and thus we can not make use of polynomials (|2.6p in order 
to further simplify it: all these polynomials are of degree n = 6 > 3. 

Che.a = C^^+{h)Cl^-{^2)C^l^{M + (yo + (S - S')yi + {c + c' - 1)2/2)^2 = 

= yo{l - (1 - ss')yl + (sin(0 - 0') - {s - s'))y,y2 - (1 - c)(l - c')y^)+ (6.47) 

+ ((s - s')yl + (1 - c - c' - ss')yly2 + (s - s' - sin{^ - (p'))yiyl + (1 - c)(l - c')yl + [s' - s)yi + (c + c' - 1)^2) 

Note that this time Chexa is linear only in yo, it satisfies (j2.15p . but the coefficient in front of yo is non-trivial 
function of yi and 2/2 which can not be eliminated. 

This expression is considerably simplified if we restrict to a Z2 x Z2-symmetric one-parametric family of 
hexagons with (j)' = (f>. Then 

Che.a = 2/0(1- c^yl - (1 - c)2y2) + 2/2 ( - c(2 - c)yl + (1 - cfyi + (2c - 1)) (6.48) 

In the case of Zg-symmctry, when (j)' — (j) — ^ and c = i , it further simplifies to 

Che.a = yo ( 1 - ]{yl + yl)] - ]y2{3yl - yl) (6.49) 



This expression is familiar from T, and now we derived it applying a systematical, constructive and generalizable 
method. 

For hexagons the full family of y-cubic (n/2 — 3) elements in TZhexa is 4-parametric: 

{Che.a + {li^yx)P2 + yP2] (6.50) 

We know from [Tl that exact solution to Plateau problem does not lie entirely in this space, but 

l^hexa = 0' ^hexa = 0, Shexa ~ Chexa + {f^^yx)P2 + l^P2 (6.51) 

provides a nice first approximation, which can be further improved by methods of sl3]- with /i promoted to a 
power series. 



6.5 Combining angles 

Instead of combining parallel lines, we can combine angles. This enlarges the set of possible configurations 
and is simply a necessary thing to do for description of generic asymmetric configurations, like 3-parametric 
family of skew quadrilaterals and its 2-parametric sub-family of kites at n = 4. Rhombi and square are further 
restrictions of this family to 1- and 0-parametric sub-sets. Consideration of multiple angles is straightforward, 
however a new phenomenon arises: particular element of the boundary ring which we obtain can depend on 
the choice of angles in the polygon, but canonical elements like C will, of course, coincide. A variety of angle 
variables appearing in calculations is shown in combined Fig |16l 
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Fi gurc 16) The four embedded families: square, rhombus, kite and generic skew quadrilateral with inscribed circle, considered in 
s l(i.5l Shown are various angle variables used in the text. Vertices are labeled counterclockwise by alphabetically ordered capital 
letters, directions to corresponding vertices are denoted through d, directions of normals — by </< (not shown in this picture),— angles 
between these normals and vertex directions — by ip- finally, the angles of polygons are 2a. Obvious relations are: cia + ^Pa = 
da+i — 9a = Va+i + Relations involving 0's depends on the labeling of polygon sides. If vector (external momentum) pa points 
from vertex a to vertex a + 1, i.e. the vertex a is at the intersection of sides a and a — 1, then 6a — <p>a = 0a— i and Oa + ifia = <t>a- 
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6.5.1 Square 

As usual, we begin from the simplest case: the square. This time we want to obtain Cu G Ti-n from two 
boundary rings 7?.^^, associated with two opposite right angles, say, at vertices B and D. Following our 
standard procedure, we multiply the canonical C elements of these two rings, then subtract P2 in order to 
eliminate the j/g-term and afterwards look at the coefficient in front of yo: if it is not constant we add more 
"obvious" elements (|2.6p to make this coefficient into a common factor and then throw it away. Actually, the 
last step will appear unnecessary in the study of a pair of angles (this is a priori obvious because the degree of 
appearing polynomials will be lower than n, and polynomials ()2.6|) can not mix with them). 
Throughout this subsection we use the following notation: 



I6T61 



aya cos a + sin a — yi cos 9 — y2 sin 9 



(6.52) 



We remind that 9 denotes direction to the vertex of the angle, while its size is 2a. 

In the case of square 2a — ^ and we locate two opposite angles a.t 9b = j and do = Then 



= l{iyo 



2 ( 2/0 + 1 - yi - y2 ) ( 2/0 + 1 + yi 



I? 



(2/1 + 2/2) 



P2 + 2(2/0 - 2/12/2! 



2/2 



-P2 + 



(6.53) 



'Cq = 2/0 ~ 2/12/2 is our familiar expression, both the >C-element of TZu and exact solution Sn to the AdS Plateau 
problem. 

6.5.2 Rhombus 

In the case of rhombus we keep 6''s the same, 9b = j and 9d = but angles at the vertices are now not 
restricted to be j. Then 



5n 
T 



= 270 cos a + sm a 



(2/1 +2/2) ) ( 2/0 cos a + sin a + ^(2/1 +2/2) 



V2' 



(2/0 cos a + sina)^ - ^(2/1 + 2/2)^ = ^-Pj + \ ]^{yl - l)cos(2a) + 2/osin(2Q;) - yiy2 
P2 cos^ a + i 2/0 sin(2a) - 2/12/2 - ( 1 - (2/? + 2/2 ) ) cos(2a) \ ^ P2 cos^ a + £0 sin(2a) (6.54) 



For comparison with the other formulas for £0, like (|6.40|) . one should keep in mind that a = ^ ~ ip, so that 
sin(2a) = sin(2y)) and cos(2q;) — — cos(2(^). 

Finally, if we use in this formula another angle of the rhombus a' — t: — a instead of a, then sin(2a) 
changes sign. However, simultaneously one should change a to — ct, since the starting side of the rhombus in 
above derivation has also changed. Changing sign of tr is equivalent to changing sing of 2/0, thus the product 
2/0 sin(2a) = trj/o sin(2a) — {~'a)yo sin(2(7r — a)) does not change and Co remains the same - as it should, since 
it is a canonically defined element of the boundary ring TZ^- 



6.5.3 Kite 

In the case of kite we can consider two essentially inequivalent choices of opposite angles: a — aB and [3 — ao 



or 7 = a A and 7 ac = a a 



a+f} 



The corresponding angles 9 will also be different: either 9b — ■§ and 



^ or 6*^ = ^ and 6*0 = - 9a. 
A product of two y-linear elements Cz is usually quadratic in y and we denote it Q. Thus in the case of 



kite we are interested in two different quantities Q £ TZ, 



kite • 



Qbd=C+ 9d aD]C+ 



aB] = CJ^ 2 



2/0 cos /3 + sin /3 + ?/2 ) ( 2/0 cos a + sin a - 2/2 ) = 



2/g cos a cos 



(3 + yo(^sm{a + /?) + 2/2 (cos a - cos/3)j + (sin/3 + 2/2) (sin a - 2/2) 



(6.55) 



and 



Qac = £z {^c ac^C^ (9a c^a) = £z 



a- (3 



a~P 



EH 
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a — 13 . a — (3\f . a — f3 . a — (3^ 

' "~" 2/2 sm — - — 



/ . a - p . a - p\ f 

- yo C0S7 + sin7 + j/i cos — ^ j/2 sm — ^ — J - ?/o C0S7 + sin7 - yi cos ■ 



. a + (3 , a — (3 a + (3\'^ , 2 P 

yo sm — h y2 sm — cos — — 1 - cos ^ = 

2.2'^ + /5 2Q^ + /5 •/ ^ . a + f3 . a — f3 a + P . a — (3 
= yoSin — ^ hcos — yo sm{a + fi) + 2yoy2 sm — - — sm — 2y2COS — - — sm — 

- ?/f cos^ — h y2 sm — - — = P2 cos^ — h Qbd (6.56) 

Thus the two ways of construction provides us with two different elements of the boundary ring. They both 
belong to the family Qbd + vP2, consisting of all the elements of TZkue of degree 2. Expression (|6.55p is already 
familiar to us: it appeared in (j5.47p and we also know from there how exact solution to Plateau problem is 
embedded into this family: 

Sute ^ QBD-\P2Cos{a- (3) (6.57) 

In order to convert Qbd into a yQ-Wneav expression Ckne we need to subtract P2COsacos/3. However in the 
resulting 

sin(a + [3)Ckite ~ Qbd — P2 cos a cos /3 = j/o sin(a + /3) + j/2 (cos /3 — cos a)^ — cos(a + f3) + 

+?;2(sinQ; — sin/3) + y^ cos a cos /3 — 2/2(1 ~ cos a cos /3) (6.58) 

the coefficient in front of yo is non-trivial function of 2/2 and it can not be eliminated. Still such Ckue satisfies 
the condition (j2.15p . if we parameterize the family of quadratic elements in TZkite canonically: |£fcite + /t-P2 
then exact solution Skue is associated with 

1 cos(a + (3) 

Aifczte = 7; ■ f , ^N (6-59) 

2 sm(Q; + fj) 

In the particular case of a = /? kite becomes rhombus and we reproduce (16. 45^ : 

1 cos(2a) 1 cos(2y)) 

6.5.4 Generic skew quadrilateral 

As basic variables, parameterizing the skew quadrilateral (possessing an inscribed circle) we take the four angles 
ipA, ^B, 'fic, ^D- Actually these are three independent variables, since (^a + </3s + ^}c + y^D = tt. The angles 
2a A, 2a B, 2ac and 2a d of the quadrilateral are easily expressed through these f's: 

aa = tpa (6.61) 

The normals directions (pa and those of the vertices 9a are also expressed through ipa, provided one fixes the 
freedom of overall rotation in the (2/1,2/2) plane. In this subsection we do this by putting (f>i = 0, so that the 
side AB is parallel to ordinate axis, see Fig[Tni Then 

(f>l =0, 02 = 2<^B, 03 = 2(pB + ifC, 04 = -'2(PA - fD 

Oa^-^a, OB = ipB, 9c^2ifB + ^fc, 9D^2ipD-(fA (6.62) 

Like kite, the boundary ring for generic skew quadrilateral can be obtained from rings for two different pairs 
of angles: B and D or A and C . 

QBD = c+{eDWD)c+{eB\aB) ™ 

= {yo cosao + sinao ~ yi cos6d - 2/2 sin6'D^ (^2/0 cos as + sinas - 2/1 cos 65 - 2/2 sin 6*5^ 
= 2/0 cos as cos + 2/1 cos 9b cos 6b + 2/2 sin sin 6b — 2/12/2 sin(6'B + 6b ) +2/0 sm{aB + an ) + sin as sinau- 
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-yoUi cos Q!B COS Ojj + cosao cos9b^ — yo?/2 cos as sinOo + cos ao sin Ob j — 
— yi(^smaB cos9d + sinaD cos9b^ — j/2(^sinas sinfl^) + sinau sin^s^ (6.63) 



Similarly we can define 



Qac ^ C-2{ec\ac)C-2{9A\aA) (6.64) 

It is given by the same formula with {B, D) changed for {A, C) and the sign of yo reversed (because the starting 
segment is now different and therefore £2 is used instead of £j). Both these quantities can be used to find the 
2/o-hnear element L: 

Qbd - P2 cos as cos an = sin(as + aD)Cquadn, 
Qac - P2 cos aA cos ac = sin(aA + ac)Cquadri (6.65) 

The fact that C is the same in both cases is a direct, but somewhat tedious consistency check. Both expressions 
can be considered as explicit expression for Cquadri ~ but written in terms of two different sets of independent 
parameters: (as, Od, ^s, 6*13) in one case and {aA,ceCiOA,9c) in the other. 

This C is exactly the Cquadri which appeared in eq. (|5.4.4p . which describes its relation to exact solution of 
AdS Plateau problem for generic skew quadrilateral. 

6.6 Summary 

We now give a short summary of our consideration of the boundary rings. 



6.6.1 Boundary ring and Plateau problem 

Suggested strategy is to represent the ring TZu by canonical element Cu, which is linear in yo and satisfies the 
condition (|2.15p : 

Cn = yo(l + 0{yi,y2)j + K.ji{yi,V2) (6.66) 

For n possessing an inscribed circle and thus a degree- two element P2 E TZu, such element can be constructed 
from the product of complex-valued generators C| G TZ\ of individual segments and eliminating higher powers 
of by subtracting P2 with various coefficients. In this way, however, we obtain a polynomial of degree n 
in yi and y2 which is not unique, since one can always combine it with the "obvious" Vu G TZn, see eq. (|2.6l) . 
which also has degree n. Worse than that, this polynomial can not serve as Cu because it does not necessarily 
satisfy (|6.66p . In the case when j/o in 11 flips (changes direction) at every vertex, one can always adjust the 
combination with Pq in such a way that a common multiplier of degree n/2 factors out, and after throwing 
it away (what is possible because this expression is not identical zero in TZu) we finally obtain the £n, which 
turns out to be of degree n/2 in yi and 1/2 • This Cu can be also constructed straightforwardly from building 
blocks C^^ , associated with n/2 non-adjacent angles of 11 instead of its n sides. Since C^^ is itself linear in all 
y- variables, the product of such building blocks provides an clement of degree n/2 and modulo P2 it is linear in 
yo, as requested. It turns out that it automatically (after appropriate rescaling) satisfied (j6.66p . 
Thus canonical element Cu 

• is linear in yo, 

Cu ^ yoQn{yi,y2) - ICu{yi,y2); (6.67) 

• satisfies (|6.66p . i.e. 

Qn(yi, 2/2) = 1 + 0(2/1,2/2); (6.68) 

• is of degree n/2 in yi and 2/2, more precisely ICu is of degree n/2 and Qu is of degree n/2 ~ 1. 

Such element is unique, up to overall rotation of the (2/1,2/2) plane. Unfortunately, there is no distinguished 
way to fix this freedom and historically it was done in different ways in different particular cases. Among 
existing options are: 9b = j (square and rhombus in [3]), 9b ~ f (kite, a natural choice), 0i = (square 
and other Z„-symmetric configurations of [T], generic quadrilateral and skew hexagons in this paper). Vertex 
B is the one where 2/0 is takes its maximal positive value. Still another option is to require that the coefficient 
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in front of ~ the maximal power of yi - vanishes. Rotational freedom should be taken into account in 
comparison of different formulas in this paper. 

Entire family of elements of degree n/2 in 7?.n is spanned by polynomials of degree n — 2 of three variables 
2/0,2/1,^2: 



{/:n + My)^2} (6.69) 



The suggestion is to look for the first approximation to solution of the AdS Plateau problem within this set 
- finding the optimal 'point nu in this moduli space (made of polynomials), either directly from NG equations 
or from minimization of the regularized action over fi a la |13| . Then this approximate solution can be further 
perturbed, as described in [1] and sO above. 

6.6.2 List of the simplest Cn 

We now list briefly the simplest examples of C, obtained in the previous subsections what provides a general 
look on the problem. 
Single segment: 

C^{cb)^l±iyo-ze-'^ (6.70) 
is the complex generator, consisting of two real ones: 

Re(£j^) = 1 - cj/i - sy2 (2/1,^2), c = cos0, s = sm(f) (6-71) 



and 



= Re(/:f ±) = ±yo + sy^ - cy2 (6.72) 



Pn does not contain j/o and is independent of the sign a. is actually an element of a special sub-ring in TZ\ , 

CfeTZ'^'^cnf, (6.73) 

and does not adequately represent TZ^ itself. Angle </> specifies the direction of a normal to the segment, direction 
of the segment itself is </> + f • 

Two segments, forming an angle of the size 2a with flipping 172 — — ci = 1: 

£z{S\a) — Cr/^ = 2/0 cos a + sin a — y\ cos 9 — 1/2 sind (6.74) 

9 defines the direction to the angle's vertex. It is related to the single-segment quantities by 

ze-'''Czi9\a) = C+{9 - ^)C- {9 + ^) - P2 (6.75) 

Here the normal directions are 4>i = 9 — Lp and (j)2 = 9 + Lp, so that ip = ^ — a. In particular, for two parallel 
segments we have: 

= 2/0 T (2/1 sin + j/2 cos 0) (6.76) 

Such combination appears in description of symmetric n-angle polygons with n = 4A; — 2, including n = 2 (see 
s.2.1 of ^j) and n — Q (hexagon). For n = Ak another combination of cr's is needed, then: 

4^ ^yoT (^2/12/2 cos(2(/.) + ^(2/2 - 2/?) sm{2cj))^ (6.77) 
Square and rhombus belong to this class of examples. 

Four segments can be described as a combination of two non-adjacent angles with alternating cr: 

Cquadri = . , ^ ^ f (6*3 | ^3 )/:2^ (^1 1 ) " ^2 COS Qfi COS 02) = 

sm(Q!i + 0:3) V ^ / 
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A cos ai cos ^3 + cos as cos 01 cos ai sin ^3 + cos 0:3 sin 6*1 \ 

= yo 1 ; ^ 2/1 —, ; ^ 2/2 + 

V sin(Q:i + 0:3) sin(Q:i + 0:3) / 

cos Oi cos ^3 + cos ai cos as , sin 9i sin ^3 + cos ai cos as o sin(0i + ^3) 

+ \ ^ 2/1 + —( ; ^ 2/2 - —, \ 7 2/12/2- 

sm(ai + as) sin(ai + as) sin(ai + as) 

sin a 1 cos ^3 + sin as cos 01 sin a 1 sin 6*3 + sin as sin 0i cosfai + as) ,„ „r.s 

~( \ ^ w \ ^ - —, \ r (6.78) 

sin(ai + as) sm(ai + as) sin(ai + as) 

For particular sub-families this expression simplifies: 
Kite, 03 — 9i = tt: (we also put 61 = ^, i.e. yi^2 = V\i ^^'^) 

( sin \ sin cos ai cos as , 1 — cosaicosas , cos(ai + as) ,„ 

V cos 2i±«3 j gjjj «i+«3 sin(ai + as) sin(ai + as) sin(ai + as) 

Rhombus, i.e. kite with as = ai = a: 

1 + cos(2a) , o o^ 1 T cos(2a) 

■Co = 2/0 + . {y\ + 2/1 - ^ITT^vl - o ■ \o \ 6.80 

sin(2a) sin(2a) 2sin(2a) 

Rotation by 7r/4, (yi, 1/2) ^(^/i —2/2,2/1+2/2), and substitution 2a = | — convert this into 

sin(20) / 1.2 



^^=y'- ^^f^y' - ['-2^ y^y^ '^'^^ - - 2^ i '"^^^ 

1 + 6^ 26 1 2 



= 2/0 - jrr^2/i2/2 - - 2^ J (^-^^^ 

with = yl+ yj, cosh^ = j^^^^, sinh^ = and & = tan(/>. 

Square, i.e. rhombus with 2a = | : 

= yo - 2/12/2 (6.82) 

These examples are concisely represented in the following table. Its first part contains examples which are 
symmetric under z ^ —z accompanied by either yo — > 2/0 or t/o — > — 2/0- Examples in the second part of the 
table do not have this symmetry. An element A — B of TZu is often written as A = B. 
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n = set of 

n segments 


set of 
(t's 


Cn e 7^^ 
(Hnear in yo, of degree | in yi,y2) 


G TZu, Su — Cn — /in^2 — 
is exact solution of AdS Plateau problem 


single segment 
1 


± 


±yo = -syi + cy2 
= — yi sin (j) + y2 cos 
actually belongs to '^^ji'''' C T^.j'^ 
C| - 1 ± yo - ze-'^ 


— 


2 parallel segms 


++ 
n = 4:k 


actually belongs to TZn C 


— 


square 
□ 


- H h 

H h- 


2/0 2/12/2 
-2/0 = 2/12/2 


/in = : 

Sn = Ca 


rhombus 
o 


- H h 


2/0 = 2/12/2 cosh^ + (1 - ^2/^) sinh^ 


fio = -| tan(20) : S^ = C^ - ^ sinh^P2 
~ 2/12/2 - 5(1 - 2/0) sm{2(f>) ~ yo cos(20) 


2 parallel segms 


T± 
n = 4fc - 2 


±yo - ImCze-*"^) 
= -syi + cy2 


/i|| =0 :^ 


hexagon 


- H \ h 


2/o(l-i2/')-i2/2(3y?-yi) 


fJ-hexa — 2/0^(2/1,2/2) ^heua ~ Chexa 


Zn — symmetric 
polygon, n even 


alternated 


2/oQn(2/') = 


Sz„ ~ -Cz,,, /iz„ = yoBn{yi,y2) 
with non — polynomial _B„, see [1] 


angle of size 2a 
Z 


-+ 


yo cos a + sin a = Re(ze^*^) 
= yi cos + 1/2 sin 


fxz = ■ Sz ^ Cz 
NG eqs are singular in this case, Lng — 


kite 


- H h 


/ -1 1 cos a— cos /3\ 1 sin a— sin /3 
2/0 + 2/2 sin(a+/3) J ' sin(a+/3) 
\ f 2 \ 2 \ cos a cos /3 1 2 
+ 12/1 + 2/2 J sin(a+/3) sin(a+/3)2^2 
cos(a-i-/3) 
sin(a+/3) 

(yi, y2) here are rotated by j 
w.r.t.the rhombus and square 


fJ-kite = -^cot{a + (3) : 

^ , cos(q+/3) j3 
Okite — l-kite -1- 2sin(Q+/3)^2 ~ 

yi cos(a - fj) - y2[2 - cos(a - j 
+ (yo — 1) cos(a + (3) + 2y2(sinQ; — sin/3) 
+2yosin(a + /?) + 2yoy2(cosQ! - cos/3) 


generic skew 
quadrilateral 


- H h 


see eqs.(|5.55p and (|6.65p 
for two different parametrizations 


tAtc-(tA+tc)tB+(2tAtc-l)tB 

/iq«ad« - 2(tA+ic)(l+tlj) 

Squadri — ^quadri ~l" f-^quadriP2 



6.6.3 Solutions to AdS Plateau problem 

We are still not in position to describe exact solutions in general situation, even under assumptions ()1.2|) . Still, 
according to [I] , a reasonable approximation can be found within the families of the boundary- ring elements of 
degree n/2: 

Sn ~ Cn - m{y) ■ P2 (6.83) 
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The optimal choice of the polynomial /in of degree n/2 — 2 can be dictated by two kinds of argument: 

• by NG equations, that - according to sO - imply that Sn should be a properly perturbed harmonic 
function, 

• by minimization of regularized area, evaluated as a height function on the space of coefficients of /i, as 
suggested in [T3] and [53]. 

Exact solutions, available at n = 4 fit into this scheme exactly: always belong to the family (|6.83p . however, 
unlike in the Z„-symmetric case considered in [I], the relevant /in 7^ 0. This means that the third way to specify 

m - 

• by some algebraic criterium 

7 

- still remains to be found: hypothesis Sn ~ Cu does not work for asymmetric 11. 

One can easily play with 3d plots of above functions to see how nice these approximations are and how 
strong is dependence on the deviations of /i(y) from the optimal values. Unfortunately, today such plots can 
not be adequately represented in a paper, even on computer screen, since they necessarily use additional software, 
allowing to rotate 3d images. However, after the functions C are explicitly constructed in this paper, it takes two 
minutes to write a two-line " program" in MAPLE or Mathematica to make these plots and start investigating 

them. As explained in [1], it is more informative to plot r{y) = <^ ^j/o(2/i, 2/2)^ + 1 — — y| than yo{y 1,112) 

itself. As long as /f(y) is taken to be independent of yo the equation C + /iP2 = is quadratic for j/o and 
can be analytically resolved - this simplifies the computer program even further and makes it working fast on 
not-very-modern laptops]^ 

If one wants to go beyond approximate methods, then for n > 4 the restriction that /in is a polynomial of 
degree n/2 — 2, should be lifted. In T and sOit is shown how one can proceed with formal series for /i(y). It 
would be most interesting to identify a narrow class of functions, which /in(y) actually belongs to. As shown 
in s|21 hypergeomctric functions can be a better choice than polynomials to address this problem. 

7 Appendix. A list of notational agreements 

Notations in this paper are somewhat sophisticated, thus it make sense to list them in a separate appendix. 



7.1 Polygons and angles 

The most difficult are angular variables, associated with our polygons. All of them refer to planar polygons n, 
obtained by projection of 11 onto the plane (yi, y2)- Polygon II have n sides and n vertices, which we enumerate 
counterclockwise, assuming that vertex #a is the intersection of the sides #(a — 1) and #a. In other words, 
the side a (i.e. external momentum Pa) originates at vertex #a and ends at vertex #(a -I- 1). The yo variable is 
either growing or decreasing when we move along this side, this choice is labeled by discrete parameter (Tq = ±1, 
associated with each side of II. 

The origin of coordinate system in (2/1,2/2) plane is located at the center of the circle, inscribed into n. In 
this paper we assume that such circle exists, see discussion around eq. (|1.2l This, of course, unjustly restricts 
the choice of 11, but considerably simplifies the formalism. The general scale is fixed by requiring that the circle 
radius is unity. Rotational symmetry is not fixed in any universal way, it is done in different ways in different 
examples, because it is done so in existing literature. 

^For the sake of convenience we suggest a version of such MAPLE program here: 

L:= ?? : # for example, for the square L:= yO — yl* y2: 

mu:=?? : # function of yl and y2 with NUMERICAL coefficients should be substituted 

P2:= ?/02 + 1 - yl2 - y2'^: 

s:=2 # this parameter can be adjusted to focus on the domain bounded by our polygon 

Y:= solve( L + mu*P2, yO )[1]: # sometime one needs to change "[1]" for "[2]" to choose appropriate root of quadratic equation 

# ATTENTION: if mu=0 then there is only one root and "[!]" should be omitted! 
plot3d{ sqrt{y2 + 1 - j;l2 _ ^2^), yl:=-s..s, y2:=-s..s, axes=boxed, grid=[100,100] ): 

The first two lines contain input: explicit expression for £n from this paper or [T] and one's favorite parametrization of 
the trial constant/polynomial/function /^(y). The last two lines are the plotting program itself. It can be better to substitute 
trigonometric functions of angles by their rational expressions through tangents of the one-half angle, otherwise MAPLE should 
be taught trigonometric identities. Before one reaches asymmetric hexagons at n = 6 one can begin from substituting numbers for 
11. For n > 6 polynomials of yi and j/2 of degree n/2 — 2 are a nice starting point. If is non-trivial function of j/o one can need 
to switch to pointplot commands which takes computers more time to work with. 
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Direction of sides of fl are defined through directions of normals to these sides, which are labeled by angles 
(pa- This means that direction of the side itself is ^ + (j>a- Directions towards the vertices are labeled by the 
angles 6a. The difference between 9 and 4> variables is denoted by (p. With above-described convention about 
comparative enumeration of sides and vertices 

Sa~ iPa= 0a- 1, + (fa = (f>a (7.84) 

Both these formulas contain the same varphia - this is a corollary of inscribed-circle condition. 

In some examples vertices are also labeled by alphabetically ordered capital letters 1,2,3,4 = A, B,C, D. 
Angles of the polygon are denoted 2aa, eta = — Va one half oi the polygon angle. 

7.2 Boundary rings and exact solutions 

"Linear in j/g" means that the expression has the form Ayg + B with B not necessarily vanishing. This is the 
usual form of our canonical element £n = UaQniui, 2/2) — ^n(yij 2/2)- 

Multiplicative character is a number- valued homomorphism of the ring multiplication. When wc consider a 
union, 11 = Hi U 112, the boundary rings are multiplied and so do characters: a family of functions Cuiua, Vi, 1/2) 
is a multiplicative character if Cn = Cpi-^Cu2- Examples of multiplicative characters are "obvious" elements 
(|2.6|) of the polygon boundary rings and also the complex- valued Cn from s l6.2l 

Calligraphic letters denote elements of the boundary rings, as well as the rings themselves. However there 
are exceptions, not all elements of the ring are denoted by calligraphic letters and some objects, though denoted 
by calligraphic letters, do not belong to the ring. Among the elements of the ring TZn are: complex characters 
Cn, canonical j/o-linear elements Cu, most of solutions Su to AdS Plateau problem mentioned in this paper. 
However, real- valued characters (|2.6p are also elements TZu, still they are denoted by ordinary capital letters P. 
This is because Vu was used in [1] and in s l2.5l to denote a "nice" element of TZu - a notion that we still did 
not manage to extend beyond Z„-symmetric case in the present paper. For Z„ -symmetric H this Vu = Cn and 
simultaneously Su ~ Vu, but this in general Su ^ 'Cn. The difference is measured by /in, which is constant for 
exact solutions considered in this paper, and this constant is non-vanishing in asymmetric situations (starting 
from rhombus). In general, for n > 4, /in is not a constant and, perhaps, not even a polynomial, this means that 
in general Su is not quite an element of the polynomial boundary ring TZu, it rather belongs to some completion 
TZu, which can hopefully be made smaller than just the formal series made from elements of TZu- The prototype 
of nu is called B in s l2.5[ despite denoted by calligraphic letter, it is not and element of the boundary ring or 
of its completion: P2B is. The same is true about ICu- it does not belong to the ring, Cu = yoQn — A^n does. 
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